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CHAPTER I  
INTRODUCTION
In th e  p a s t  few decades in tro d u c tio n  o f technology 
and b e t t e r  m easuring dev ices in to  th e  study  o f  luminous 
p u lse s  have p rov ided  b e t t e r  d a ta  and consequen tly  b e t t e r  
u nders tand ing  o f th i s  phenomenon. Throughout th e  p a s t  
cen tu ry , e x p e r im e n ta lis ts  have observed the  
p ro p ag a tio n  o f lu m in o sity  f ro n ts  a s so c ia te d  w ith  th e  e le c ­
t r i c  breakdown o f  a gas. J .  J .  Thomson was the  f i r s t  to  
observe th a t  th e  lu m in o sity  d id  n o t s t a r t  sim u ltaneously  
throughout th e  le n g th  o f the  d isch arg e  tu b e , b u t seemed to  
s t a r t  a t  th e  anode and t r a v e l  th e  tube to  th e  cathode a t  a 
f i n i t e  and m easurable speed. He reco rded  th a t  th e  lumino­
s i t y  f ro n t  m ight move a t  a speed as h igh  as h a l f  th e  speed 
o f l ig h t .
In  th e  l a t e  1920s Beams s tu d ie d  th e  p ro p ag a tio n  o f the  
lu m in o sity  f ro n ts  in  long d isch arg e  tu b e s . He concluded 
th a t  the  lu m in o sity  always moves from the  e le c tro d e  to  
which the  p o te n t ia l  i s  a p p lied  (h igh  v o lta g e  e le c tro d e )
toward th e  e le c tro d e  m ain tained  a t  ground p o te n t ia l  r e ­
g a rd le ss  o f the  p o la r i ty  o f th e  im pressed su rge . A ll th e  
a ttem p ts to  id e n t i fy  th e  breakdown waves w ith  s o lu tio n s  to  
M axwell's equ a tio n s f a i l e d .  In  the  spectrum  o f th e  em itted  
r a d ia t io n  no Doppler s h i f t  has been d e te c te d , which in d i ­
c a te s  th a t  the  e x c ite d  atoms a re  n o t in  m otion and th e i r  
mass m otion i s  n e g lig ib le . .  This and th e  f a c t  th a t  th e  
luminous p u lse s  t r a v e l  w ith  speed as h igh  as h a l f  the  
speed o f  l ig h t  suppo rts  th e  id ea  th a t  th e  luminous p u lse s  
a re  caused by an e le c tro n  f lu id  m otion. S ince the  geome­
t r i c a l  c o n fig u ra tio n s  o f  the  d isch arg e  tubes used by the  
experim en ters have been d i f f e r e n t  and th e  d a ta  reco rded  by 
many experim en ters have been m eaningful only under th e i r  
o p e ra tin g  c o n d itio n s  (p re s su re , a p p lie d  v o lta g e , type o f 
gas, e t c . ) ,  th e  u nders tand ing  and a n a ly s is  o f th e  d a ta  
taken  by experim enters have been very  d i f f i c u l t .  The phe­
nomenon o f  breakdown waves has been le s s  com plete ly  under­
stood  than  the  s t r u c tu r e  o f the  n u c le u s , even though th e  
phenomenon has been s tu d ie d  by s c i e n t i s t s  fo r  a long tim e.
S ta r t in g  in  th e  1930s, th e  th e o r ie s  about the  n a tu re  
o f the  breakdown waves were p re se n te d , bu t i t  was in  th e  
1960s th a t  most o f the  advances took p la c e . Fowler and 
S h e lto n , by some m o d if ic a tio n  o f  Fowler and P a x to n 's  f o r ­
mulas developed e a r l i e r ,  were a b le  to  p re s e n t b e t t e r  equa­
t io n s  fo r  breakdown waves, and l a t e r  they  so lved  them w ith  
approxim ate methods. In  our e a r l i e r  work on computer
s o lu t io n  o f th e  e le c t r o n - f lu id  equ atio n s se v e ra l  terms in  
th e  energy e q u a tio n  which were n e g le c te d  by S helton  were 
in c lu d e d .. A fte r  e x te n s iv e  computer a n a ly s is  we concluded 
th a t  th e  h e a t conduction , th e  random e le c tro n  h e a t lo s s ,  
and th e  d ir e c te d  e le c tro n  k in e t ic  energy lo s s  term s were 
im portan t and could  n o t be n e g le c te d . Also th e  r e s u l t s  
showed th a t  th e re  i s  no weak p ro fo rc e  wave, and a l l  p ro ­
fo rc e  waves a re  s tro n g  shock waves.
Also in  th e  p re s e n t  work th e  advance o f th e  breakdown 
waves in to  a p re io n iz e d  gas (w ith  o r w ithou t a c u rre n t p re ­
se n t)  has been in v e s tig a te d . The r e s u l t s  were h ig h ly  de­
pendent on th e  ion  v e lo c i ty  and c o n c e n tra tio n  in  f ro n t  
o f th e  wave, and n o t very  much dependent on th e  c u rre n t 
in  f ro n t  o f th e  wave. The l a s t  p a r t  o f . t h i s  work i s  an 
in v e s t ig a t io n  o f th e  problem  o f th e  a n t i f o r c e  waves. In  
h is  work on a n t i f o r c e  waves Sanmann fo rm ula ted  th e  problem 
by s ig n  changes o f  c o n s ta n ts  in  the  s ta n d a rd  p ro fo rc e  f o r ­
m u la tio n , b u t i t  w i l l  be shown th a t  th i s  cannot be done.
The re v is e d  eq u a tio n s can be so lved  and th e  r e s u l t s  in d i ­
c a te  th a t  th e re  can be a n t i f o r c e  waves in to  e i th e r  a neu­
t r a l  gas or a p re io n iz e d  gas. These waves a re  shock a n t i ­
fo rc e  waves r a th e r  than  the  weak waves d esc rib e d  by San­
mann. S o lu tio n s  were a lso  found fo r  an- a n t i f o r c e  wave 
w ith  an a r t i f i c i a l  c u rre n t  d is c o n tin u i ty  a t  th e  f r o n t ,  b u t 
none fo r  p ro fo rc e  waves.
CHAPTER I I  
BACKGROUND
In 1795 Hauksbee^ was the  f i r s t  one to  n o t ic e  th e  
s i m i l a r i t i e s  between l ig h tn in g  and th e  luminous p u lse s  
which he produced in  p a r t i a l  vacuum. But i t  was Wheat- 
s to n e  who proposed a p ro p ag a tio n  mechanism w ith  luminous 
f ro n ts  in  low p re s su re  d isch a rg e  tubes su b je c te d  to  h igh  
p o te n t ia l  d i f f e r e n c e s . Using r o t a t in g  m ir ro rs  he  was 
unab le  to  d e te c t  luminous f ro n t  m otion a t  v e lo c i t i e s  le s s  
than  10® m /sec, because h is  equipment was n o t f a s t  enough 
and d id  n o t have good tim e r e s o lu t io n .  With improved 
equipm ent, a g la s s  tube 5 mm in  d iam ete r, J .  J .  Thomson 
found a v e lo c i ty  n e a r ly  h a l f  th a t  o f  l i g h t  fo r  th e  v e lo c ity ,  
o f  th e  luminous p u lse  th rough  a d isch arg e  in  a i r  a t  a 
p re s su re  o f 0.5  mm o f m ercury. Also he was the  f i r s t  to  
observe th a t  th e  lu m in o sity  d id  n o t s t a r t  s im u ltan eo u sly  
th roughout th e  le n g th  o f th e  tube bu t i t  s t a r t e d  n e a r  the  
anode and t r a v e le d  to  th e  cathode a t  a f i n i t e  speed, ap­
p roach ing  th a t  o f l i g h t .  He measured the  v e lo c i ty  of 
lu m in o sity  by u n i t in g  th e  l i g h t  from two lo c a tio n s  a long 
th e  d isch a rg e  tube which were se v e ra l m eters a p a r t  u s in g  a 
r e f l e c t in g  m ir ro r . Also he experim ented w ith  many d i f f e r ­
e n t e le c tro d e s  and concluded th a t  the v e lo c i ty  o f the
lum inosity  was independent of the  shape, s iz e  and m a te r ia l  
o f th e  e le c tro d e s . Because o f the  absence o f an observa­
b le  Doppler e f f e c t  in  the  spectrum  l in e s  and thee.high 
value  o f  th e  v e lo c ity  measured by Thomson, he concluded 
th a t  th e  p ropaga tion  o f  the  luminous p u lse  was n o t due to  
the  m otion o f the  e m ittin g  atoms and m olecu les, and th e i r  
mass m otion was n e g lig ib le .  Fowler^ has concluded th a t  
Thomson's o b se rv a tio n s  were n o t o f a breakdown wave but 
of a r e tu rn  s tro k e  tr a v e l in g  from th e  anode to  the  cathode 
through a p re io n ize d  reg io n .
Beams^ c a lle d  th ese  waves " p o te n t ia l"  waves ; some have 
c a l le d  them breakdown waves. From th e  exam ination o f  th e  
p rocess o f  fo rm ation  and d i s t r ib u t io n  o f  space charge in  
the  tube he proposed a q u a l i t a t iv e  theo ry  c o n s is te n t  w ith  
the  observed t o t a l  lack  o f heavy p a r t i c l e  m otion in  the  
wave. He th e o riz e d  th a t  th e  e le c tro n s  a re  th e  main e le ­
ment in  th e  wave p ro p ag a tio n , and in  the  neighborhood o f 
the  p u lsed  e le c tro d e , due to  i t s  shape and i r r e g u l a r i t i e s ,  
the f i e l d  i s  very  h igh  and in te n se  io n iz a t io n  tak es  p lac e . 
The la rg e  d if fe re n c e  in . th e  m o b il i t ie s  (mass d if fe re n c e )  
o f p o s i t iv e  io n s , n e g a tiv e  ions and o f e le c tro n s  was 
thought to  cause th e  e s tab lish m en t o f a space charge.
The h ig h e s t f i e l d  in te n s i ty  would be n ear th e  p u lsed  e le c ­
tro d e  ( th e  e le c tro d e  to  which the  p o te n t ia l  i s  a p p l ie d ) . 
This f i e l d  a c c e le ra te s  the  f r e e  e le c tro n s  u n t i l  they  a t t a i n  
enough energy fo r  c o l l i s io n a l  io n iz a t io n  o f the  gas near
th e  e le c tro d e . The io n ized  gas because o f  being a conduc­
to r  can n o t ho ld  in te r n a l  e l e c t r i c  f i e l d ,  thus the  po ten ­
t i a l  o f th e  e le c tro d e  w i l l  d e te rm in e .the  p o te n t ia l  of th e  
io n iz ed  reg io n . The h ig h e s t f i e l d  in te n s i ty  was considered  
to  be lo c a te d  a t  th e  in te r f a c e  between the  io n ized  gas 
and th e  n e u tr a l  gas. This in te n se  f i e l d  causes th e  c o n ti ­
n u a tio n  o f th i s  p ro cess  and p ro p ag a tio n  o f th e  in te r f a c e  
in to  th e  n e u tr a l  gas. This view i s  c o n s is te n t  w ith  our 
work on p ro fo rc e  waves.
In  rec o rd in g  th e  r e s u l t s  o f h is  experim ent he noted  
th a t  fo r  40 o r 50 cm o f the  beg inn ing  o f h is  d isch arg e  
tube the  v e lo c i ty  o f  th e  lu m in o sity  was about 3 .8xlO'*m/sec, 
b u t then  th e  v e lo c i ty  of the: lum inosity  in c re a sed  to  4x10^ 
m /sec and rem ained c o n s ta n t fo r  th e  r e s t  o f th e  tube . He 
a lso  no ted  th a t  fo r  a g iven  tube th i s  v e lo c ity  i s  d e te r ­
mined c h ie f ly  by th e  p re s su re  o f the  gas and the  m agnitude 
o f the  a p p lie d  p o te n t ia l .  In  a d d itio n  to  t h i s  i n i t i a l  im­
p u lse  found in  a l l  d is c h a rg e s , he a ls o  o c c a s io n a lly  ob­
served  a second p u lse  l a t e r  than  the  f i r s t  which s ta r te d  
a t  the  ground p o te n t ia l  e le c tro d e  and moved in  the  oppo­
s i t e  d i r e c t io n .  This was the  k ind  o f  p ro p ag a tio n  th a t  
was observed by A llib o n e  and Schonland^ fo r  a m il l io n -v o l t  
spa rk  between p o in t and p lan e . In  th e  l ig h tn in g  s tro k e  
th e  f i r s t  luminous p u lse  o r " le a d e r"  which moves downward 
in  a s e r ie s  o f s te p s  w ith  speed averag ing  1x10^ m /sec i s  
known as th e  "stepped" le a d e r . Leaders fo r  s tro k e s  over
7th e  same channel a f t e r  th e  f i r s t  d isch arg e  has occu rred  a re  
g e n e ra lly  continuous p ro c e sse s , c a l le d  " d a r t"  le a d e rs .
The average speed fo r  r e tu rn  s tro k e s  i s  about lxlO®m/sec.
Snoddy, Beams and D ie tr ic h ^  in v e s tig a te d  th e  s im ila r r  
i t y  in  th e  l ig h tn in g  s tro k e  and th e  o b se rv a tio n s  on the  
p ro p ag a tio n  o f  lu m in o sity  in  long d isch a rg e  tu b es . They 
a p p lie d  p o te n t ia l  rang ing  from 74 to  171 kV in to  th e  d i s ­
charge, tube c o n ta in in g  gas o f  p re s su re  0.017 to  0 .24  mmHg. 
They found th a t  th e  v e lo c i ty ,  v o lta g e  a t te n u a t io n , wave 
form and energy c a r r ie d  in  th e  wave f r o n t  of the  i n i t i a l
im pulse vary  w ith  bo th  p re s su re  and a p p lie d  p o te n t ia l .
8A y ear l a t e r  Snoddy and h is  a s s o c ia te s  re p o r te d  th e  
r e s u l t s  o f  an o th e r experim ent in  which they  used p o s i t iv e  
and n e g a tiv e  im pu lsive  p o te n t ia l s  o f approx im ate ly  125 kV. 
They no ted  th a t  in  low p re s su re  range th e  speed o f th e  wave 
in c re a se s  w ith  in c re a s in g  p re s su re , b u t a t  r e l a t i v e ly  h igh  
p re s su re s  th e  speed o f  th e  wave decreases and the  wave 
shape i s  very  much d is to r te d .  Also they  found th a t  th e  
speed o f th e  wave a t  c o n s tan t p re s su re  in  dry a i r  i s  ap­
p rox im ate ly  a l in e a r  fu n c tio n  o f the  a p p lie d  v o lta g e .
The i n i t i a l  wave which s t a r t s  a t  the  h igh  v o lta g e  end of 
th e  tube and t r a v e ls  to  the  ground end i s  im m ediately f o l ­
lowed by a r e tu r n  s tro k e  s t a r t i n g  a t  the  grounded e le c tro d e  
and t r a v e l in g  in  o p p o s ite  sense . M itc h e ll and Snoddy^ ap­
p l ie d  p o te n t ia l s  from 25 to  115 kV on the  d isch arg e  tube 
c o n ta in in g  dry a i r  and hydrogen w ith  p re s su re  range of
80.006 to  8 mmHg. They p lo t te d  th e  r a t i o  o f  f i e l d  s tr e n g th  
to  p re s su re  in  th e  t ip  o f th e  " p o te n t ia l"  d isch arg e  
(E/p V OIts/cm/mmHg) a g a in s t  speed and found th a t  the  speed 
g e n e ra lly  in c re a se d  « E /p , bu t they  d e riv ed  a th eo ry  fo r  
in c re a se d  = Æ /p .
Fow ler, Paxton and H u g h e s s t u d i e d  mass m otion shocks 
in  io n iz ed  g a s e s . They observed th a t  th e  tim e re q u ire d  fo r  
e l e c t r i c a l  energy o f  th e  c a p a c ito r  in  th e  d isch arg e  tube  to  
be converted  to  therm al energy o f  th e  gas m olecules was an 
o rd e r o f m agnitude la rg e r  than  th a t  needed fo r  i n i t i a t i o n  
o f a shock. Also they  observed th a t  th e
v e lo c i ty  o f  th e  luminous f ro n t  i s  approx im ate ly  (v^ % kT^/M), 
where the  T^ is  th e  e le c tro n  tem pera tu re  in  the  d isch arg e  
re g io n , w ith  (T^ « E/p) and they  produced an 
ex p re ss io n  fo r  e le c tro n  energy. Based on t h e i r  r e s u l t s  
Fowler and h is  a s s o c ia te s  abandoned th e  id ea  o f  a shock 
d riv en  by h o t gas. They hypo thesized  t h a t  e le c tro n  p re s ­
su re  was th e  prim ary  source fo r  moving th e  shock f ro n t .
In  an o th e r work Fowler and F ried^^  argued th a t  th e  
therm al expansion o f  th e  h o t e le c tro n  gas a c c e le ra te s  th e  
co ld  io n s , r e s u l t in g  in  a shock f ro n t  o r moving e le c t r o ­
s t a t i c  double la y e r ,
Fow ler, Paxton and Hughes a ls o  observed th a t  in  th e  
gas breakdown in  t h e i r  a p p a ra tu s , as s u p e r fa s t  Beams-type 
wave moved between th e  e le c t r o d e s .
12Loeb, W estberg and Huang s tu d ie d  in  a po in t-an o d e
p lan e -ca th o d e  gap w ith  a 2 .36-mn h e m isp h e ric a lly  capped
c y lin d e r  o p p o s ite  a 3 -cm d is ta n t  th in  o u t-g assed  p lane
in  th e  p re s su re  range from 300 mm to  50 mm. They reco rded
th a t  when th e  argon i s  p u r i f ie d  in  the  absence o f  adequate
p h o to io n iz a tio n  th e  s tream er mechanism does n o t occur.
They proposed th e  n e c e s s i ty  o f adequate  p h o to io n iz ab le
im p u r it ie s  in  Ar f o r  th e  development o f th e  f ila m e n ta ry
s tream er spark  t r a n s i t i o n .  In  a d isch a rg e  tube w ith  s im i-
13l a r  geom etry, b u t s e p a ra te  work, l a t e r  Loeb hypo thesized  
a q u a l i t a t iv e  model fo r  breakdown o f a gas. In  h is  model, 
e m itte d  photons from e x c ite d  atoms e x c i te  and io n iz e  new 
atoms in  f r o n t  o f th e  wave. The newly e x c ite d  atoms in  
tu rn  em it photons which con tinue  th e  p ro cess . In  th i s  model 
th e  wave i s  moving forw ard on p h o to - io n iz a tio n . This i s ,  
however, on ly  one o f  s e v e ra l  p o s s ib le  e x p la n a tio n s  o f th e i r  
ex p erim en ta l r e s u l t s  on gas p u r i ty .
The e a r l i e r  o b se rv a tio n s  by Fow ler, Paxton, and 
Hughes le d  Paxton and Fowler to  fo rm u la te  a f l u id  model and 
th eo ry  o f breakdown wave p ro p ag a tio n . In  t h e i r  model they  
presumed th a t  n e a r  th e  e le c tro d e  where the  p o te n t ia l  g ra ­
d ie n t  in  th e  gas i s  g r e a te s t ,  io n iz a t io n  o f  a sm all quan­
t i t y  o f gas occurs and th a t  th e  e le c tro n s  produced a re  g iven 
k in e t i c  energy by th e  e l e c t r i c  f i e l d .  The r e s u l t in g  lo ­
c a l iz e d  h ig h -te m p e ra tu re  e le c tro n  gas i s  co n sid ered  to  ex­
pand r a p id ly ,  thus producing  an e le c tro n  shock wave which
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propagates in to  the  u n d is tu rb ed  gas, p a r t i a l l y  io n iz in g  the  
overrun  n e u tra l  gas m olecu les. The energy n e ce ssa ry  fo r  
d r iv in g  the  shock wave was considered  to  be g iven  d i r e c t ly  
to  th e  e le c tro n s  in  th e  shock zone by the  lo c a l  e l e c t r i c  
f i e l d .  Using a one-dimens io n a l , s tead y  s t a t e ,  th r e e - f lu id ,  
hydrodynam ical model and assuming th a t  the  e le c tro n  p re s su re  
i s  much g re a te r  than  th e  p a r t i a l  p re s su re s  o f th e  o th e r  
sp e c ie s , they were a b le  to  w r i te  down the  eq u a tio n s o f con­
se rv a tio n  of th e  f lu x  o f mass, momentum, and energy :
MNflVo = MNV + + mnv ,
MN,V^  = MNV2 +.M^N^V? + mnv  ^ + nkT  ^ + ^  (E^-E^) ,
= MNV^  + + mnv  ^ + SnvkT^ ,
where M, M ,^ and m a re  th e  masses o f n e u tr a l  atom, p o s i t iv e  
ion , and e le c tro n  re s p e c t iv e ly ,  and N, N^, n a re  th e  n e u tra l  
atom, p o s i t iv e  ion , and e le c tro n  d e n s i t ie s  r e s p e c t iv e ly .
V, V^, V  were considered  as flow  v e lo c i ty  o f  n e u tr a l  atoms, 
io n s , and e le c tro n s  and as e le c tro n  tem p era tu re , and E 
as the  e l e c t r i c  f i e l d  s tre n g th . Q u a n titie s  in  f r o n t  o f the  
shock zone a re  d esig n a ted  w ith  a zero  s u b s c r ip t ,  w h ile  
q u a n ti t ie s  behind th e  shock zone have no s u b s c r ip t .  They 
reasoned  th a t ,  under th e  q u a s i - s te a d y - s ta te  co n d itio n s  th e  
change in  heavy p a r t i c l e  v e lo c i t i e s  can be n e g le c te d  and 
V()=V=V  ^ would be a good approxim ation . Using a zero  c u rre n t 
c o n d itio n  (nv-N^V^=0) and (Vo=V=V^) they  were a b le  to  f in d
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a r e l a t io n  between and N (N^=No-N=fNo, f  i s  the  degree 
o f io n iz a t io n  in  th e  gas) and they  were a b le  to  so lv e  th e  
above equations in  terms o f  the  rem aining v a r ia b le s  (Vf=
26kTg/3m). Using th e  e x p re ss io n  th a t  th ey  had d eriv ed
in  I'e a r l i e r ,  k T g = ( l / 3 ) ( M / 3 m ) w h e r e  X^gg i s  th e  e f f e c ­
t iv e  e le c tro n  mean f r e e  p a th , they  were a b le  to  f in d  Vg and 
e le c tro n  d e n s ity  (n=4N^=4fNg) .  The r e s u l t s  l i s t e d  fo r  hy­
drogen in  a ta b le  showed rea so n a b le  agreem ent w ith  e x p e r i­
m ental d a ta . T heir work was im portan t in  dem onstra ting  
th a t  a o n e-d im ensiona l, tim e independent s o lu t io n  o f the  
f l u id  equations m ight be a p p lic a b le  to  th e  p ro cesses  o ccu r­
r in g  in  breakdown tu b e s , b u t they  overlooked th e  io n iz a t io n  
energy in  t h e i r  energy e q u a tio n .
Nelson^^ in  a c r i t i c i s m  o f th e  Paxton-Fow ler concept 
o f zero  e l e c t r i c a l  c u rre n t  r e je c te d  th e  tre a tm e n t o f b reak ­
down wave f ro n t  as an e le c tro n  shock wave. However, he ac ­
tu a l ly  used an id e n t ic a l  fo rm u la tio n  fo r  c u r r e n t ,  appa­
r e n t ly  m isunderstand ing  th e  n a tu re  o f the  P-F c o n d itio n .
He proposed a p h o to - io n iz a tio n  model, a rgu ing  th a t  th e  r a ­
d ia t io n  from th e  ho t gas i s  the  d r iv in g  mechanism and s o f t  
x -ra y  em ission  due to  bombardment o f the  i n i t i a t i n g  e le c ­
tro d e  could  a lso  p rov ide  a c o n tr ib u tio n .
In  1962 Fowler and Hood^^^ observed a new wave pheno­
menon which seemed to  p o ssess  some unusual p ro p e r t ie s .
They observed  a fast-m oving  p re c u rso r  in  t h e i r  e l e c t r i c a l l y  
d riv en  shock tube . They suggested  th a t  h e a t conduction
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th rough th e  e le c tro n  gas from th e  d r iv e r  m ight be th e  m ajor 
f a c to r  .re sp o n s ib le  fo r  th e  p ro p ag a tio n  o f a sh o ck -fro n ted  
e le c tro n  p re c u rso r  wave.
Josephson and H a l e s r e p o r t e d  appearance o f two in ­
t e r e s t in g  fe a tu re s  in  t h e i r  image c o n v e rte r  camera p ic tu re s .  
The f i r s t  was th e  p resen ce  o f lu m in o sity  on th e  expansion 
w ires  s t r e tc h e d  a c ro ss  t h e i r  d isch arg e  tu b e , which was in  
th e  form o f l ig h t  coming from th e  tube  as e a r ly  as 0 .5  mi­
crosecond a f t e r  gas breakdown. They a lso  m entioned th a t  
t h e i r  fo u r th  w ire  which was f a r th e s t  from th e  d isc h a rg e  
showed up as b r ig h t ly  as th e  w ire  n e a re s t  th e  d isc h a rg e , 
whereas th e  two w ires  in  between were n o t v i s i b l e .  The 
second fe a tu re  was th a t  a g iven  w ire  was b r ig h te s t  in  th e  
c e n te r  o f  th e  tu b e , in d ic a t in g  th a t  th e  sou rce  o f the  
l i g h t  which was coming from th e  w ires  was s tro n g ly  concen­
t r a t e d  n e a r th e  a x is  o f  th e  tu b e . They re p o r te d  a speed 
o f 30±3 cm p e r m icrosecond fo r  t h i s  e a r ly  luminous f ro n t .  
Based on th e i r  o b se rv a tio n s , they  ru le d  ou t th e  id ea  o f 
p h o to - io n iz a t io n , and e le c tro n s  moving ou t ahead o f  the  
plasm a by t h e i r  h ig h e r  M axwellian v e l o c i t i e s , to  e x p la in  
t h i s  luminous f r o n t .  They b e lie v e d  th a t  deu terons a re  
a c c e le ra te d  to  e n e rg ie s  o f th e  o rd e r o f k i lo v o l t s  in  in ­
s t a b i l i t i e s  th a t  occur in  th e  d ischarge, tube  and a re  ob­
served  e i th e r  by t h e i r  own impingement on a t a r g e t  o r 
th rough  t h e i r  io n iz a t io n  e le c t r o n s . . At t h i s  tim e th e  
e x is te n c e  o f  th e  e le c t r o n - f lu id  dynamic wave was u n c e r ta in
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and i t  i s  p robab le  t h a t  th a t  was what they were observ ing .
Following Fowler and Hood, H abers tich^^^  in  h is  Ph.D. 
d i s s e r t a t i o n  proposed t h a t  h i s  experim enta l r e s u l t s  on the  
v e lo c i ty  and a t t e n u a t io n  o f  Beam s-like waves and on the  
e le c t r o n  d e n s i ty  a t  the  wave f r o n t  were d i r e c t l y  a p p l ic a b le  
to  th e  study o f  p re c u rs iv e  e f f e c t s  i n  e l e c t r i c a l l y  d riven  
shock tub es . He observed a one-to -o ne  correspondence be­
tween the  v e lo c i ty  o f  th e  wave and th e  f r o n t  p o t e n t i a l  o f 
the  p ro fo rce  waves. Based on the  r e s u l t s  o f  h i s  experiment 
and the  r e s u l t s  t h a t  he o b ta ined  by u s ing  a one-d im ensional
th eo ry  he confirmed Beam's q u a l i t a t i v e  e x p la n a t io n  o f  b reak -
id 
.17
16ddown waves. M i l l s , Naraghi and Fowler s u b s ta n t ia t e d t h i s  view.
Based on experim enta l evidence She lton  and Fowler 
saw the  s t ro n g  p r o b a b i l i t y  f o r  luminous p u lse s  being  f l u i d -  
dynamical phenomena. They argued t h a t  a f l u i d  phenomenon 
in vo lv ing  no mass motion must be due to  e l e c t r o n - f l u i d  a c ­
t io n .  So they thought th a t  the  name " e le c t r o n  f l u id - d y ­
namical wave" r e p re s e n ts  a b e t t e r  d e s c r ip t io n  o f  th e  b a s ic  
n a tu re  o f  the  phenomena. They found t h a t ,  due to  t h e i r  
l a rg e  i n e r t i a ,  th e  p o s i t iv e  i o n 's  and n e u t r a l  a tom 's  mo­
mentum and energy changes were o f  comparable magnitude to  
those  o f  e le c t ro n s  even i f  th e  heavy p a r t i c l e s  had small 
v e l o c i t i e s  and could no t be n e g le c te d .  C onsidering  a c o l ­
l i s i o n  o f  an e le c t r o n  w ith  a r b i t r a r y  v e lo c i ty  w ith  an 
atom a t  r e s t  ( t r e a t e d  as a hard  sphere) they  used the  
p r in c ip le  o f  frame in v a r ia n c e  to  f in d  a n a ly t i c  forms fo r
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both  the  e l a s t i c  and i n e l a s t i c  c o l l i s i o n  terms in  th e  
energy and momentum eq uations .
They were a b le  to  w r i te  down the  equations fo r  conser­
v a t io n  o f  t o t a l  momentum and energy, and consequently  de­
r iv e d  the  cond it ions  e x i s te n t  a t  the  lead in g  edge of the  
wave (k(T^)i/m)=vi (Vo-Vi ) .  Based on th e se  co n d it io ns  they 
found a lower l im i t  (%mVo^  ^  on wave speed Vo, and using
the  cond it ion s  f a r  behind the  wave f r o n t  (v+V o ,E-*-0), they 
found n-»-eoEo/2e<|)^, which meant th e  e n t i r e  pre-wave energy
d e n s i ty  went in to  io n iz in g  the  atoms. In  another
18 • work Fowler and Shelton  developed a g en e ra l  procedure
fo r  so lv ing  th e  equations governing the  e le c t ro n  gas in  
breakdown wave. They thought th a t  experim en ta lly  observed 
waves w ith  V^<(2e(|)j,/m) must be the  second p o s s i b i l i t y  in  the 
i n i t i a l  con d it io ns  mentioned in  t h e i r  e a r l i e r  paper which has 
n=0 a t  x=0, and admits o f  a d is c o n t in u i ty  in  dn/dx. Com­
p a rin g  the  c a lc u la t io n  o f  the  wave v e lo c i ty  w ith  the  
experim ental da ta  a v a i la b le  a t  t h a t  time they  found very 
good agreement. They were ab le  to  analyze  only one c la s s  
o f  e l e c t r o n - f lu i d  waves, the  shock -fron ted  p ro fo rce  wave 
( fo rc e  on the  e le c t ro n s  due to  e l e c t r i c  f i e l d  i s  in  the  d i ­
r e c t io n  of wave motion) in  one-d im ensiona l, t im e-independent 
s i t u a t i o n s .
Winn^^ c a l le d  these  luminous waves " io n iz in g  waves".
He in v e s t ig a te d  th e  p ropaga tion  o f  such waves in to  the  neu­
t r a l  and p re - io n iz e d  gases. Experimenting on Ng he rep o r ted
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the  v e lo c i ty  in c re a s e  from IxlO’m/sec a t  zero  d e n s i ty  to
around 7xl0^m/sec a t  a d e n s i ty  o f  3xl0®/cm®. He a lso
re p o r te d  the  v e lo c i ty  dependence upon th e  magnitude of the
v o l ta g e  p u ls e ,  p re s su re ,  and the  d iam eter o f  the  co ax ia l
s h ie ld in g  surrounding the  glow-d i s charge tube . He observed
t h a t  th e  shape o f  th-e wave f r o n t  depended on the  e le c t ro n
d e n s i ty ,  bu t i t  was more s t ro n g ly  a f f e c te d  by th e  p re s su re .
He r e p o r te d  th re e  d i f fe re n c e s  between p o s i t iv e  waves (waves
o r ig in a t in g  from, i . e .  t r a v e l in g  away from, a p o s i t iv e
e le c t ro d e )  and n e g a t iv e  waves, the  major d i f f e r e n c e  was
t h a t  the  v e l o c i t i e s  o f  p o s i t iv e  waves depended more
stron g ly  on t h e . i n i t i a l  e lec tro n  d en sity . R evising a tech-
20nique used by H ab ers tich , B la is  and Fowler s tu d ie d  wave 
speed, and e le c t ro n  tem pera tu re  and d e n s i ty  behind the 
wave f r o n t .  The measurements were c a r r i e d  out in  helium 
a t  a p p lie d  e le c t ro d e  v o lta g es  from 6 to  42 kV o f  both  po­
l a r i t i e s  and over a p re s su re  range o f  0.3 to  30.0 t o r r .
They o b ta in ed  good o v e r a l l  agreement w ith  th e  theo ry  of 
Shelton .
21K lin g b e i l ,  Tidman and Ferns1er d iscu ssed  a s o lu t io n
techn ique  fo r  a n t i f o r c e  problem, but concluded th a t  no
s o lu t io n  fo r  the  a n t i f o r c e  case  e x i s t s  w ithou t p h o to io n i-
22z a t io n .  Sanmann and Fowler showed th a t  a s teady  p r o f i l e  
th eo ry  on the  a n t i f o r c e  waves ( e le c t ro n  m o b il i ty  motion i s  
in  th e  o p p o s i te  d i r e c t i o n  o f  wave advance) could be ob ta ined  
from the  b a s ic  equations  developed by Shelton . Of the  s ix
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equations  used by She lton  and Fowler, they  employed f iv e :  
those  which re p re se n t  co n se rv a tio n  o f  heavy p a r t i c l e  and 
o f  charge, b a lanc ing  o f  e le c t ro n s  and e le c t ro n  momentum, 
and P o is s o n 's equation . They avoided u s ing  th e  energy 
e q u a tio n , because a t  th e  p o in t  where e le c t r o n  v e lo c i ty  be­
came equal to  wave v e lo c i ty  th e  energy equa tion  r e s u l te d  
in  n e g a t iv e  tem pera tu re  which was no t a cc ep tab le .  They 
in c lu ded  ion  momentum terms in  t h e i r  equations  a rguing  t h a t ,  
f o r  p ro fo rce  waves, th e  f i e l d  dropped to  zero  too q u ick ly  
to  c o n tr ib u te  v e lo c i ty ,  momentum, or energy to  the  io n s ,  
b u t  fo r  a n t i f o r c e  waves, th e  heavy p a r t i c l e s  had time to
a c t  as an energy s in k .  They thought t h a t  i t  was the  s l i g h t
d i f f e r e n c e  in  v e lo c i ty ,  V^-V^, between the  ions and neu­
t r a l s  , which p e rm itte d  a s o lu t io n  fo r  a n t i f o r c e  waves.
T heir  p r e d ic te d  v e l o c i t i e s  fo r  the  a n t i f o r c e  waves t h a t
20were in  good agreement w ith  the  d a ta  o f  B la is  and Fowler.
23S c o t t  and Fowler used th e  B la is  app ara tu s  to  make ex­
t e n s iv e  s tu d ie s  o f  i n i t i a l  breakdown wave speed in  n i t ro g e n  
and argon as a fu n c t io n  o f  lo c a l  e l e c t r i c  f i e l d  a t  the  
wave f r o n t .  T heir  r e s u l t s  were in  b a s ic  agreement w ith  
th e  e le c t r o n  f l u i d  dynamic theo ry  of th e  phenomenon. They
suggested  t h a t  the  success o f  the  K lin g b e il  e t  
21a l .  theo ry  a t  low e n e rg ies  was due more to  the  e le c t ro n
p re s su re  component in trod uced  through the  energy equa­
t io n  and coupled w ith  a . c o r r e c t  io n iz a t io n  s ta tem en t than 
to  photo io n iz a t io n ,  w hile  i t s  f a i l u r e  a t  very  la rg e  v e lo ­
c i t i e s  was due to  t h e i r  adm itted  n e g le c t  o f th e  e l e c t r o n 's
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k i n e t i c  energy. They thought t h a t  i t  was p o s s ib le ,  even 
p robab le ,  t h a t  th e  p e c u l ia r  c o n s ta n t  v e lo c i ty  a n t i f o r c e  
waves observed a t  very  low gas d e n s i t i e s  might be propa­
ga ted  by p h o to io n iz a t io n  p ro ce sse s .
In  the  p re s e n t  work computer s o lu t io n  o f  the  e le c t ro n  
f lu id -d y n am ica l  equa tions  fo r  bo th  p ro fo rce  and a n t i f o r c e  
waves w ith  o r w ithou t a c u r r e n t  has been in v e s t ig a te d  ex­
t e n s iv e ly ,  r e s u l t i n g  in  improvements in  t h e i r  fo rm u la tion , 
and in  the  u nders tand ing  o f  th e  co n d it io n s  under which 
s o lu t io n s  a re  p o s s ib le .  Also we have in v e s t ig a te d  th e  p ro ­
p a g a t io n  o f  th e se  waves in to  a p re - io n iz e d  medium. The 
most s i g n i f i c a n t  new d iscov ery  i s  th e  importance o f  hea t  
conduction , even up to  th e  shock f r o n t  o f 'th e 'w a v e .
CHAPTER I I I
THE BASIC EQUATIONS AND EARLY APPROACHES FOR THEIR SOLUTION
The purpose o f  t h i s  work i s  to  f in d  ou t whether the  
f lu id -d y n am ica l  equations  do possess  s o lu t io n s  d e sc r ib in g  
fas t-m oving  e le c t r o n  waves which a re  very  s im i la r  to  
breakdown waves. The three-com ponent f l u i d  equations w i l l  
be th e  b a s i s  fo r  in v e s t i g a t in g  the  problem of io n iz in g  
waves in  th e  breakdown tu b e s . Follow ing Shelton  we f i r s t  
d e r iv e  th e  b a s ic  equa tio ns  o f  co n se rv a t io n  of mass, momen­
tum, and energy fo r  a m u l t i f l u i d  system c o n s is t in g  o f  neu­
t r a l  atoms, p o s i t i v e  io n s ,  and e le c t ro n s  su b je c ted  to  an 
e l e c t r i c  f i e l d  E (ap p l ied  f i e l d  p lu s  space charge f i e l d )  
a p p lie d  i n  th e  n e g a t iv e  x d i r e c t io n .  The fo rce  on the  
e le c t ro n s  due to  the  a p p lie d  e l e c t r i c  f i e l d  would be 
in  th e  d i r e c t io n  of wave p ro p aga tion  (p ro fo rce  wave). The 
io n iz in g  wave i s  an i n f i n i t e  p lan e  wave which, in  the 
la b o ra to ry ,  i s  t r a v e l in g  in  the  p o s i t iv e  x d i r e c t io n  w ith  
speed Vo. The equa tion  o f  co n serv a tio n  o f  mass^^ fo r  any 
component o f  th e  f l u i d  could  be derived  by equating  the  
tim e r a t e  o f  change of th e  number d e n s i ty  o f th e  p a r t i c l e s  
w i th in  a volume element w ith  the  sum o f  th e  p a r t i c l e s  
c re a te d  o r  l o s t  w i th in  t h a t  volume per u n i t  tim e, and
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f lu x e s  o f p a r t i c l e s  through th e  su r fa c e  of t h a t  volume.
dxdydz = gndxdydz + tivdydz ~ + dx) (v + | ^  dx) dydz,
where gndxdydz i s  th e  number o f  p a r t i c l e s  c re a te d  in  dV
per second, nvdydz i s  the  p a r t i c l e  f lu x  in to  dV, and 3 i s
the  io n iz a t io n  frequency (number o f  io n iz a t io n s  p er  u n i t
volume pe r  second p e r  e le c t r o n ) .  3 i s  g iven  by <a^v'N>
where o. i s  the  io n iz a t io n  c ro ss  s e c t io n  and th e  b ra c k e t  1
i s  an average over th e  e le c t r o n  v e lo c i ty  ( v ' )  d i s t r i b u t i o n .  
A c o n s tan t  mass term has been fa c to re d  out o f th e  above 
equa tion . The equ a tio n  reduces to
t  + (1)
The equation  of co n se rv a t io n  o f  momentum fo r  e le c t ro n s  can 
be d e riv ed  in  a s im i la r  fa sh io n .
(mnv)dxdydz = mnv^dydz - m(n + dx) (v + dx) ^dydz
- enE dxdydz - A^(mv)dxdydz + A^(mv)dxdydz
+  ( P e  -  ( P e  I T  ,
where the  t h i r d ,  fo u r th ,  f i f t h ,  and s ix th  terms on th e  
r i g h t  hand s id e  a re  volume fo rc e  due to  e l e c t r i c  f i e l d ,  
e l a s t i c  momentum lo s s  to  heavy p a r t i c l e s ,  i n e l a s t i c  momen­
tum ga in  from heavy p a r t i c l e s ,  n e t  fo rc e  on dV due to  p r e s ­
su re  g ra d ie n t .  The above equation  s im p l i f i e s  to
(mnv) + (mnv^ + p^) = -enE - A^(mv) + A^(mv) . (2)
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S im ila r ly ,  the  equ a tio n  o f  co n se rv a t io n  o f  energy fo r  e l e c ­
tro n s  would be
■^(%mnv^+Wg) dxdydz = %ranvMydz-%m(n + dx) (v + •— dx)® dydz
3w
+(WgV-(v + 1^  dx) (Wg + dx) ) dydz
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-envEdxdydz+(PgV-(p^ + dx) (v +
dx))dydz-Ag(%mv ^ ) dxdydz+A ^ (%mv ^ )dxdydz.
The t h i r d  term on th e  r ig h t-h a n d  s id e  i s  th e  i n t e r n a l  energy 
f lu x  in to  th e  volume elem ent, th e  f i f t h  term  i s  the  work 
done a g a in s t  the  e le c t r o n  p re s su ra  as th e  p a r t i c l e s  f l o w  
th rough  the  volume elem ent, and w^ i s  th e  i n t e r n a l  energy 
d e n s i ty  o f e le c t ro n s  (energy /vo lum e). The energy equation  
reduces to
■^(%mnv^+Wg) 4- ^(%mnv®+(p+Wg)v+qg)=-envE-Ag(%mv^)+Aj^(%mv®).
(3)
In  the  above equa tions  q^ i s  the  e le c t r o n  hea t  
conduction  term and p^ i s  the  e le c t ro n  p re s s u re .  A^(mv) 
i s  th e  momentum t r a n s f e r  o p e ra to r  due to  e l a s t i c  c o l l i s i o n  
from e le c t r o n  to  heavy p a r t i c le s . ,  and A^(%mv^) i s  the  
energy t r a n s f e r  o p e ra to r  due to  i n e l a s t i c  c o l l i s i o n  from 
heavy p a r t i c l e s  to  e l e c t r o n s . e denotes th e  a b so lu te  
charge o f  an e le c t r o n .
The equa tions  f o r  co n se rv a t io n  of mass, momentum, and 
energy fo r  heavy p a r t i c l e s  ( p o s i t iv e  ions and n e u t r a l
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atoms) can be d e rived  by u s ing  th e  same arguments. Since 
th e  e le c t ro n s  a re  th e  main element in  th e  wave p ro paga tion , 
th e  e le c t ro n  p ro d u c tio n , momentum, and energy equations  
would be our main concern. The io n  and n e u t r a l  atom mo­
mentum and energy equations  would be combined.
- w  + à  = s”  ■ •
M  + (5)
V.+MNV) + .£,(M,N.V?+MNV2+P,+P)=eN.E+A^(mv) -A, (mv) (6)vX X X X oX X X X  X X G X
4 -  %M.N.V?+%MNV2+W.+W) +tX(%m.N.V?+%MNV3+V.(P.+W.)+V(P+W)0 x  1 1  1  1  3x  1 1 1 ^  i '  1  i '  '
+Qi+Q) = eN^V^E+Ag(%mv2)-Aj^(%mv2) , (7)
where M, N, V, P, W, Q a re  n e u t r a l  atom mass, d e n s i ty ,  ve ­
l o c i t y ,  p r e s s u re ,  i n t e r n a l  energy, and h e a t  conduction  r e ­
s p e c t iv e ly .  Fowler^^ has r e v is e d  th e  Shelton^^ c a lc u la t io n  
of the  t r a n s f e r  o p e ra to rs  fo r  energy and momentum in  an un­
p u b lish ed  paper and the  r e s u l t s  a re :
Ag(%mv') = (^)naoN {|kT^+(|)(v-V )M +naoN m V (v-V ) , (8a)
Ag(mv) = nmoo N(v-V) , (8b)
A^(mv) = gmnV , (8c)
A^(%mv^) = %mngV^-8ne4)^ , (8d)
A?(%mv^) = %3mnV^  . (8e)
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In the equations above A?(%rav )^ i s  the energy tra n sfer  op­
erator for in e la s t ic  c o l l i s io n s  from heavy p a r t ic le s  to 
e le c tr o n s , and A?(%mv )^ i s  the energy tra n sfer  operator for  
in e la s t ic  c o l l i s io n s  from heavy p a r t ic le s  to  the n eu tra ls . 
OoN has the dimensions o f 1 /se c  and denotes a c o l l i s io n  
frequency, and e<j)^  i s  the energy required to  io n iz e  a neu­
tr a l  atom. Writing Ki=ao.N, Ag(%mv )^ and A^(mv) become:
Ag(%mv2) = ( ^ ) n K i  ( |kT g+(f)  (v-V) z)+KimnV(v-V) (9a)
Ag(mv)=mnKi(v-V) . (9b)
The term s o f  o rd e r  2m/M a re  sm all I n  m ost p o r t io n s  o f  th e  
wave and were n e g le c te d  by Shelton  and by Sanmann. 
Io n iz a t io n  of a n e u t r a l  atom c re a te s  a 
p a i r  o f  ion  and e le c t r o n ,  and the  e le c t ro n  w i l l  have the  
k i n e t i c  energy i t  possessed  b e fo re  th e  c o l l i s i o n ,  which i s  
%mV^ . For an e le c t r o n  gas w ith  number d e n s i ty  n and i o n i ­
z a t io n  frequency of 3, th e re  w i l l  be %3nmV^  k i n e t i c  energy 
added to  th e  e le c t ro n  gas because o f  n e u t r a l  atom io n iz a ­
t io n .  On the  o th e r  hand, any e le c t r o n  io n iz in g  an atom 
tak e s  an amount o f energy e<})^  from th e  e le c t r o n  gas. 
T here fo re  c re a t io n  o f  3n e le c t ro n s  w i l l  r e q u i r e  a supply 
o f  energy o f  3ne#^ from th e  e le c t r o n  gas. We assume th a t  
th e  e l e c t r o n s , n e u t r a l  atoms, and ions behave l i k e  p e r f e c t  
gas so t h e i r  i n t e r n a l  energy d e n s i t i e s  w^, W, would be 
|nkTg, I^NkT, and |  N^kT^, r e s p e c t iv e ly .
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An observer  watching a s te a d y - p r o f i le  wave from a 
re fe re n c e  frame t r a v e l in g  w ith  the  wave, would see a f ix ed  
wave s t r u c tu r e  w ith  no time v a r i a t io n .  So in  th e  wave 
frame ( re fe re n c e  frame moving along w ith  the  w ave), a 
s t e a d y - p r o f i l e  wave has no time dependence. The absence 
o f  an ex p erim en ta lly  observed Doppler s h i f t  i n d ic a te s  th a t  
n e i th e r  ions nor th e  n e u t r a ls  have a p p re c ia b le  motion in  
the  la b o ra to ry  and, based on t h i s  the  v e lo c i ty  o f  ions and 
n e u t r a l s  can be assumed to  be equal. We d e fin e  th e  p o s i ­
t i v e  x - d i r e c t io n  o f  our frame o f  re fe re n c e  to  be the  d i r e c ­
t io n  of p ropaga tio n  o f the  Wave. I t  has been re p o r te d  and 
agreed by a l l  the  experim enters t h a t  the  e le c t ro n  f l u id -  
dynamical waves move from th e  e le c t ro d e  to  which the po ten ­
t i a l  i s  ap p lied  (high v o l ta g e  e le c t ro d e )  toward the  e le c ­
t ro d e  m ain ta ined  a t  ground p o t e n t i a l  r e g a rd le s s  o f  the  
p o l a r i t y  o f  the  impressed p u lse .  The reason  f o r  such a 
behaviour i s  t h a t  n ea r  the  e le c t ro d e  w ith  h igher v o l ta g e  
th e re  would be a s tro n g  e l e c t r i c  f i e l d  c re a te d .  This 
e l e c t r i c  f i e l d  fo rce s  the  e le c t ro n s  away from the  d ischarge  
e le c t ro d e  toward th e  grounded e le c t ro d e .  T here fo re , the  
p o s i t iv e  x - d i r e c t io n  w i l l  be in  the  d i r e c t io n  o f  d ischarge  
e le c t ro d e  toward th e  grounded e le c t ro d e .  T here fo re , i f  the  
e le c t r o n  f lu id -d y n am ica l  wave f ro n t  has a la b o ra to ry  v e lo ­
c i t y  V, the  heavy p a r t i c l e s  w i l l  have a v e lo c i ty  -V in  the  
wave frame. Taking a l l  the  p o in ts  mentioned above in to  
c o n s id e ra t io n ,  the  equations o f p roduction , momentum t r a n s ­
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t r a n s f e r ,  and energy t r a n s f e r  fo r  e le c t ro n s ,  ions and neu­
t r a l  atoms w i l l  be:
■2^  = en , ( 10)
3(K,-V,)
= en , (11)
= -en , (12)
(mnv^ + nkTg) = -enE - Kiinn(v - V) + gmnV , (13)
-|^(M^N^V2-f-MNVHN^kT^+NkT)=eNÆ+Kimn(v-V)-gmnV , (14)
•J^(%mnvH^nvkTg+qg)=-envÉ-K m n V (v -V )+ % ;m n V g n e^ , (15)
■^(%M^N^V^+%MNV^+1 N^VkT^H-1 NVkT+Q^+Q)=eN. VE+KimnV(v-V)
-%3mnv^ . (16)
Now we w i l l  i n v e s t ig a t e  the  n a tu re  o f  th e  c u r re n t  in  
the  e le c t r o n  f lu id -d y n am ica l  waves. For t h i s  purpose we 
use th e  complete one-dim ensional p rodu ction  equations  fo r  
e le c t ro n s  and io n s .  S u b tra c t in g  equation  (1) from equation  
(4) and m u lt ip ly in g  th e  r e s u l t  by e g ives :
^  (e (N .-n ) )+ - |^ (e (N .V -n v ))  = 0 .
Using the  Poisson equation  (^*È = p /so  = e(N ^-n)/eo) in  the  
above eq ua tion , i t  reduces to
^  (e .  I f  + e(N.V - nv)) = 0 ,
£o i s  the  p e r m i t t i v i t y  in  th e  MKS s y s te m ., In te g r a t in g  the
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above equa tion , i t  reduces to
E0 + e(N^V - nv) = i o ( t )  , (17)
which in d ic a te s  th a t  th e  t o t a l  c u r re n t ,  convection  p lu s  
d isp lacem ent i s  independent o f  the  p o s i t io n .  For th e  mo­
ment we assume t h a t  th e r e  i s  no convection  c u r r e n t  in  f r o n t  
o f the  wave because i t  i s  moving in to  an un ion ized  gas. Also
s in c e  the  e l e c t r i c  f i e l d  a t  th e  wave f r o n t  i s  c o n s ta n t  and 
equal to  Eg, then  equa tion  (17) in  th e  wave frame o f  a 
s t e a d y - p r o f i l e  wave w i l l  reduce to
e(N^V ,- nv) = 0 . (18)
This i s  c a l l e d  th e  zero  c u r re n t  c o n d it io n .  I t  i s  the  t o t a l
c u r re n t ,  i o ( t )  which i s  zero . Equation (18) i s  t r u e  in  th e
wave frame o f  a s t e a d y - p r o f i l e  wave, p rov id ing  t h a t  th e  
e le c t r o n  f lu id -d y n am ica l  wave i s  moving in to  a n e u t r a l  gas, 
because i t  has been d e rived  from the  b a s ic  f l u i d  eq u a tions . 
In  a s t a t i o n a r y  frame w ith  no c u r re n t  and no a p p lie d  or 
s e l f -g e n e r a te d  magnetic f i e l d s ,  the  only  equ a tio n  rem ain­
ing  from Maxwell's equa tion  i s  P o is s o n 's eq ua tion :
II = ^  (N. - n) . (19)
Since th e  ions and n e u t r a l  atoms have alm ost th e  same 
mass and s ta y  in  e q u il ib r iu m  during  th e  passage  o f  e le c t ro n  
f lu id -d y n a m ic a l  waves, we can assume t h e i r  tem pera tu re  to  
be the  same ( I \= T ) . At f i r s t  we n e g le c t  the  h e a t  conduction 
term in  the  e le c t r o n  energy equa tio n . The Poisson  equation
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w ith  i t s  new form found by use o f  the  zero c u r re n t  condi­
t io n ,  and equations o f  p rodu c tion , momentum t r a n s f e r ,  and 
energy t r a n s f e r  form a s e t  o f  equations which depend only 
on v a r ia b le s  d e sc r ib in g  e le c t r o n  behavior in s id e  the  e le c ­
t r o n  f lu id -d ynam ica l  wave, and wave v e lo c i ty .  To s im p lify  
th e  equations f u r t h e r ,  we s u b s t i t u t e  d (n v )/dx  in  th e  momen­
tum and energy equations  f o r  gn, from the  p ro d u c tio n  equa­
t i o n  .
^  = en , (20)
dE _ _e_ _/V
£ j o
^  {mnv(v-V)+nkT^}=-enE-Kimn(v-V) , (22)
^  {mnv(v^-V^)+5nvkTg+2e(j)^nv}=-2envE-2KimnV(v-V), (23)
and the  io n - n e u t r a l  momentum and energy equations  become :
^(MNV^+M^Nj, V^+(N+N^)kT)=eN^E+Kimn(v-V) -gmnV (24)
^(MNV^+M^N^V^+5(N+N^)VkT)=2eN^VE+2VKimn(v-V)-gmnV2 . (25)
I t  i s  more convenient to  work w ith  th e  e le c t r o n  f l u id -  
dynamical equations  in  a non-dim ensional form. T herefore  
we in tro d u ce  th e  fo llow ing  d im ensionless v a r ia b le s  :
2ecj).
V = — ST n , th e  reduced e le c t r o n  d e n s i ty .Go 0^
if) = ^  , the  reduced e le c t r o n  v e lo c i ty .
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kT
6 = 75—r* . the  reduced e le c t r o n  tem pera tu re .2e4>^
En = ? -  , th e  reduced e l e c t r i c  f i e l d .£10
j  = , the  reduced e le c t r o n  c u r r e n t .
Ç = X , the  reduced p o s i t io n  v a r ia b le .
We a lso  d e f in e  th e  fo llo w in g  param eters :
2e*.
“ = mV^ '
< -  £  K. ,
The d e f i n i t i o n s  of 9 and vi have been changed from those  used 
by S he lton . S he lton  used 9=(kTg/mV^) as d im ensionless 
e le c t r o n  tem pera tu re  v a r i a b le ,  where kT^ i s  the  e l e c t r o n 's  
therm al energy, and mV^  i s  the  k i n e t i c  energy o f  th e  e le c ­
t r o n  t r a v e l in g  a t  wave v e lo c i ty .  However, th e  io n iz a t io n  
p ro cess  r e q u i r e s  an amount o f  energy e(J)^  f o r  each e le c t ro n  
ion  p a i r  c r e a t io n .  T here fo re ,  (kTg/2e(j)j^) w i l l  r e p re se n t  
1/3 (3 /2  kT/e^^ = n^) the  number o f  e le c t ro n s  which could 
be c re a te d  w ith  th e  i n i t i a l  e l e c t r o n 's  therm al energy.
Using th e  d im ension less  v a r i a b le s  the  system o f  equations 
become :
= Kyv , (26)
^  ^  - 1) , (27)
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vi[/(ii^-l)+otv9} = - vn-K:v(îj^-l) , (28)
^{vi|;(t|^^-l)+avii;(50+l) }=-2vt{;n-2Kv(tf;-l) . (29)
Now l e t  us examine the  s t r u c tu r e  o f e le c t r o n  f l u id - d y ­
namical waves, and e le c t ro n  motion under th e  a p p lied  f i e l d .
The fo rce  due to  the  a p p lied  f i e l d  tends to  a c c e le r a te  the  
e le c t ro n s  in  the  p o s i t iv e  x - d i r e c t io n .  The excess e l e c ­
t ro n s  n ea r  the  wave f r o n t  w i l l  c re a te  a space charge f i e l d  
opposing the  a p p lied  f i e l d .  The r e l a t i v e  motion between 
e le c t ro n s  and ions w i l l  be opposed by r e s i s t i v e  fo rce s  
which a re  p resen ted  as A o p e ra to rs  in  the  co n se rv a t io n  of 
momentum and energy eq u a tio n s . These opposing fo rce s  tend 
to  eq u a liz e  the  e le c t ro n  and ion v e l o c i t i e s , which w i l l  
happen when the  e l e c t r i c  f i e l d  (ap p lied  f i e l d  p lus  charge 
f i e l d )  f a l l s  to  zero . The v e lo c i ty  of e le c t ro n s  decreases 
from i t s  i n i t i a l  va lue  (v% a t  th e  wave f ro n t )  toward V(V<0). 
From P o is s o n 's equation  (21), the  e l e c t r i c  f i e l d  in c re a se s
from i t s  n e g a t iv e  v a lue  Eo a t  the  wave f r o n t  to  i t s  f i n a l
va lue  zero as dE/dx goes to  zero when e le c t r o n  v e lo c i ty  ap­
proaches the  io n - n e u t r a l  v e lo c i ty  in  the  q u a s i -n e u t r a l  r e ­
gion. The wave f ro n t  can no t be marked by a sudden change 
in  the  e l e c t r i c  f i e l d  because a d is c o n t in u i ty  in  the  e l e c ­
t r i c  f i e l d  r e s u l t s  from a su rface  charge, o r  from an i n f i ­
n i t e  volume charge d e n s i ty  a t  the  wave f r o n t ,  so the  e l e c ­
t r i c  f i e l d  has to  be equal to Eoat the  wave f r o n t .  As 
long as the  e le c t ro n s  have s u f f i c i e n t  therm al energy to
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io n iz e  n e u t r a l  atoms, io n iz a t io n  in  the  q u a s i - n e u t r a l  r e ­
gion w i l l  con tinue.
In so lv in g  the  e le c t ro n  f lu id -dyn am ica l  equ a tio ns , 
Shelton^^ was ab le  to  d e r iv e  the  co n d it io n s  e x i s te n t  a t  the 
lead ing  edge o f  the  wave. We have used th e se  i n i t i a l  con­
d i t io n s  in  our e a r ly  approaches fo r  so lv in g  the  e q u a t io n s . 
These co nd it ions  could be derived  from the  equa tions  fo r  
conserv a tion  of t o t a l  momentum and energy. One can f in d  
the  equation  of co n serv a tio n  of baryons by adding th e  equa­
t io n s  (11) and (12), in te g r a t in g ,  and tak in g  in to  c o n s id e ra ­
t io n  th a t  th e re  a re  only n e u t r a l  atoms w ith  number d e n s i ty  
No and v e lo c i ty  Vq ahead of the  wave. Also assuming V=V^  
th i s  equation  becomes :
(N -K Nh)V = NoVo . (30)
Using equation  (30) and (M-m) fo r  in  equations  (24) 
and (25) one can f in d  a d i f f e r e n t  form fo r  equa tions  of con­
se rv a t io n  o f  momentum and energy fo r  heavy p a r t i c l e s ,
^{MVNoVo-N^mV2-f(N-t-N^)kT}=eNÆ+Kimn(v-V)-3nmV , (31)
^(MV^NoVo-N.mV^+5NoVokT)=2eN.VE-b2VKimn(v-V)-6nmV^ . (32)
Adding equations (13) and (31), u s ing  P o is so n 's  equa tion , 
and in te g r a t in g  the  r e s u l t a n t  in te g ra b le  e x p re ss io n  r e s u l t s  
in  the  equation  of the  t o t a l  co nserv a tion  of momentum :
mnv^+nkTg+rnoVoV-mNj^V"4-(N-t-Nj_)kT = -ÿ-E^ -KC . (33)
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Adding equations  (15) and (32) w ith  the  h e a t  conduction  term 
n e g le c te d ,  us ing  the  zero c u rre n t  c o n d it io n  and equation  
( 10) ,  and i n te g r a t in g  the  r e s u l t a n t  in te g r a b le  exp ress ion  
r e s u l t s  in  the  equatio n  of the  t o t a l  co n se rv a t io n  o f  energy:
mnv^+MNoVoV^-mN^V^+5nvkTg+5NoVokT+2nve())^=C' . (34)
Equations (33) and (34) a re  the  g lo b a l  ( a l l  p a r t i c l e )  mo­
mentum and energy equatio ns  r e s p e c t iv e ly ,  fo r  a th r e e  com­
ponent gas composed of e le c t ro n s ,  io n s ,  and n e u t r a l  atoms.
C and C  a re  c o n s ta n ts  o f i n te g r a t io n  to  be determined 
by c o n d it io n s  ahead o f  the  wave (E=Eo, V=Vo, n=no=0, 
N^=N^P=0, N=No). Using th e  va lues  o f  C and C  c a lc u la te d  
ahead o f the  wave and zero  c u r re n t  c o n d it io n  in  equations  
(33) and (34), one w i l l  f in d :
mnv^+nkTg+MNoVo(V-Vo)-mnvV+Nok(T-To)-(E2-E;,2)=0 , (35)
mnv^+MNoVo(V^-Vo^)-mnvV2+5nvkTg+5NoVok(T-To)+2nve(l)^=0 . (36)
At the  wave f r o n t ,  due to  t h e i r  la rg e  mass, the  change in  
heavy p a r t i c l e s  tem pera tu re  and v e lo c i ty  a re  n e g l ig ib le  
(V=Vo, T=To). At th e  wave f ro n t  the  e le c t ro n s  w i l l  have 
a tem pera tu re  o f (Tg)i and v e lo c i ty  v i , and th e  equations 
(35) and (36) take  the  form: 
k(T ) i
n i (v i(v i -V o )  + — - — ) = 0 . (37)
k(T ^)i 2e*.
UiVi (vf-V|f+5 — - —  + •) = 0 . (38)
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Shelton  thought t h a t  the  case ni=0 which r e s u l t s  in  c o n t i ­
nuous s o lu t io n  might d e sc r ib e  a n t i f o r c e  waves. The second 
way to  s a t i s f y  equa tions  (37) and (38) i s  to  r e q u i r e  
This r e s u l t s  in  d iscon tin uou s  or shock s o lu t io n s  which he 
showed d e sc r ib e  p ro fo rc e  waves only . Solving equations  
(37) and (38) fo r  (T ^)% and v% gives
. . . . . .  ,
k(T e)i
— - —  = Vi(Vo - Vi) . (40)
Since the  zero c u r re n t  c o n d it io n  r e q u ire s  Vq and v to  have 
th e  same s ign  and s in c e  (Tg)i has to  be p o s i t iv e ,  one can 
determ ine t h a t  | v i | < | V o | .  Using th e se  co n d it io n s  on equa­
t io n  (39) led  She lton  to  tak in g  the  n eg a tiv e  s ign  in  i t  and
conclude th a t  %mVo^ e^(j)^ . This imposes a lower l im i t  on
wave speed. The i n i t i a l  co n d it io n s  expressed in  terms of 
the  d im ension less v a r i a b le s  take  th e  form
Til = 1 ; \)i # 0 ,
a 0 1 = ij;i (1 - i|;i) , (41)
5-/9+16a= ------5------
a t  the  lead in g  edge o f  the  wave, and 
il2 = 0 ; (n ' ) 2 = 0 : 11^2 = 1 
a t  the  t r a i l i n g  edge of the  wave.
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A d i f f e r e n t  form fo r  the  energy and momentum equa­
t io n s  which can be derived  w i l l  be employed in  the  r e s t  of 
t h i s  work. M ultip ly ing  equation  (28) by 2 ,  s u b t ra c t in g  
the  r e s u l t  from equation  (29), and using  P o is so n 's  equation  
r e s u l t s  in  the  new energy equation . Also using  the  P o is ­
son equation  w ith  the  momentum equation  would prov ide  the  
new form o f  the  momentum equation .
{ j ( ^  - 1) + av0 + oKp} = -vn , (42)
^  { j ( ^  - 1)^ + av6(5ijj - 2) + aj + an^} = 0 . (43)
CHAPTER IV 
CLASS I PROFORCE WAVES
9 AFowler d iv ided  e le c t ro n  waves in to  th re e  c a te g o r ie s  :
- Those waves which move in to  a medium of s u b s ta n t i a l ly  
zero e le c t ro n  c o n c e n tra t io n  were c a l le d  Class I  waves.
- Those waves which move in to  a medium of s i g n i f i c a n t  e le c ­
t ro n  c o n c e n tra t io n  were c a l le d  Class I I  waves.
-  Those waves which d id  no t f u l f i l l  th e  zero—c u rre n t  con­
d i t i o n  were c a l le d  Class I I I  waves.
Our i n i t i a l  a ttem pt a t  d i r e c t  s o lu t io n  of the  e le c t ro n  
f l u i d  equa tions  (26-29) fo r  Class I p ro fo rce  waves was to  
use  n as our in t e g r a t in g  v a r i a b le .  This was no t p o s s ib le  
in t e g r a t i n g  e i t h e r  forward or backwards ac ro ss  th e  shea th  
because v i s  no t known. Next, we chose j=vijj as our i n t e ­
g r a t in g  v a r i a b le  and t r i e d  to  in t e g r a t e  backwards b e l i e v ­
ing t h a t  the  e le c t ro n  f l u i d  equations should apply over 
bo th  the  q u a s i - n e u t r a l  reg io n  and the  shea th . We chose 
our i n i t i a l  co n d it io n s  as ^^=1, ri2=0 , j z = l ,  62=6* ' This 
a ls o  f a i l e d  w ithou t any r e s u l t .  I t  became ev iden t th a t  
s e l e c t io n  of Ç as i n te g r a t in g  v a r ia b le  was the  only l o g i ­
c a l  approach. By u s ing  the  i n i t i a l  co n d it io n  on 0, we
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27found the  in te g r a t in g  form of the  s e t  o f the  e le c t ro n -  
f l u i d  equations as :
dS ip '
=  a  ( i  - '
É 1  = j HdÇ ajp ’
(44)
e = 4 (1 - «  + 4(5(1 - n) - D _
Ot J
4^^-5^{hf y ( K ( l -1) - I ) } + l+  ( K ( l - n ) - I ) - a ( l +  - j ^ )=0 .
Now we had to  so lve  a doubly branched q u a d ra t ic  equa tion  
fo r  ^  which admits to  s o lu t io n s  only under r e s t r i c t e d  con­
d i t i o n s .  To o b ta in  a s o lu t io n  one must s e l e c t  the  va lues  
o f  Vi and k to  cause the  branches to  meet in  a h o r iz o n ta l  
tan g e n t,  and then change branches . This r e q u i r e s  many 
i t e r a t i v e  in te g r a t io n s .  However, when found, the  so lu t io n  
s t i l l  does no t converge to  n=0 a t  i(;=l. For the  n e a r e s t  ap­
proach to  a s o lu t io n  we were ab le  to  f in d  n changed s ign  
a t  i|j=0.94 fo r  a=0.01, v i= 0 .036523, ^^=0.2466, and <=1.3.
The n versus  ^  curve was l ik e  p a th  (2) in  the  (ij;,Ti) p lane 
shown in  F igu re  1, a lthough  the  most d e s i r a b le  r e s u l t  would 
be something l ik e  pa th  A. F igure  2 g ives e l e c t r i c  f i e l d  
(n) as a fu n c t io n  o f  d r i f t  v e lo c i ty  and F igure  3 g ives 
tem pera tu re  ( 0) ,  e le c t ro n  d e n s i ty  ( v ) , and io n iz a t io n  r a t e  
(y) as a fu n c t io n  of p o s i t io n  (Ç ).
1n
N.
2 n
F ig u r e  1. E l e c t r i c  f i e l d  (n) a s  a f u n c t i o n  o f  d r i f t  v e l o c i t y  (i}>) .
u>
Ln
8 -
n
•  4
F ig u re  2. E l e c t r i c  f i e l d  (n) a s  a 
f u n c t i o n  o f  d r i f t  v e l o c i t y  ( ip)  .
a.
1.2 1.4
€
F ig u r e  3 & T em p era tu re  ( 0 ) ,  e l e c t r o n  d e n s i t y  ( v ) , 
and i o n i z a t i o n  r a t e  (y) a s  a  f u n c t i o n  o f  p o s i ­
t i o n  ( Ç ) . S c a le  f a c t o r s  : F o r v d i v i d e  y by
1 0 ^, f o r  y d i v id e  y by 10^.
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Shelton assumed th a t  y was c o n s ta n t ,  and l a t e r  Fowler
p lo t t e d  y as a fu n c t io n  o f  6 which was reproduced by San- 
2 7mann. This fu n c t io n  changes from a c c e le r a t io n  io n iz a ­
t io n  a t  the  wave f r o n t  through d i r e c te d  v e lo c i ty  io n iz a ­
t io n  in  the  in te rm e d ia te  s ta g es  to  therm al io n iz a t io n  a t  
the  t r a i l i n g  edge o f  the  wave. We rep la ce d  th e  assumption 
of io n iz a t io n  r a t e  being only  a fu n c t io n  o f  tem pera tu re  by 
a computation based on f r e e  t r a j e c t o r y  theo ry  by Fowler (see 
Appendix) which in c lu des  io n iz a t io n  from bo th  random and 
d i r e c te d  e le c t ro n  motions accord ing  to  th e  ex p ress ion
foo ^ - (z-u.)  ^ (z+u) 2
z^
' l / v / 2 6  ^
- e —  - e —  (45)
where B=(l-(())/ /2a6 and C=K/2a6/n.
The approximate s o lu t io n  ob ta ined  by Fowler and Shel-
18ton  was based on an assumed power law r e l a t i o n  between 
X] and ill o f  the  form:
In te g r a t in g  the  energy equa tion  (43) ac ro ss  the  shea th  
provided them w ith  an a lg e b ra ic  equation  o f  the  form
j (i(^-l) ^+av(5i|;-2) 0+aj-a(l-n^)=O  . (47)
Using n as independent v a r i a b le ,  and shock c o n d it io n  (41), 
c lo sed  form so lu t io n  was p o s s ib le .  The energy eq ua tion  (47) 
was redundant in  the  shea th  because of the  assumed y,!};
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r e l a t i o n  and was only used to  avoid the  tem pera tu re  s in g u ­
l a r i t y  a t  # 0 . 4 .  We m ain tained  c o n ta c t  w ith  t h i s  a p p ro x i­
m ation type o f  so lu t io n  by u s ing  th e  slope  dn/d^ o f  th e  
exac t  s o lu t io n  a t  to  f in d  an a fo r  S h e l to n 's  ap p ro x i­
mate s o lu t io n .  I t  was rem arkable how l i t t l e  th e se  s o lu ­
t io n s  d i f f e r e d  from the  computed s o lu t io n  o f  equa tions  (44) 
except a t  the  end p o in t .  This aga in  showed the  g en e ra l  
v a l i d i t y  o f  th e  Shelton  equa tions  and le d  us now to  in v e s ­
t i g a t e  whether the  n e g le c ted  second o rder  terms such as 
h e a t  conduction and ion  momentum might p lay  a r o l e  in  the  
f i t t i n g  o f  th e  s o lu t io n  to  th e  f i n a l  s t a t e s  o f p and ip 
(P 2=0 , 11^2=1) .
The f i r s t  c o r r e c t io n  term t h a t  we considered  was a d d i­
t io n  to  th e  energy equation  of. a h ea t  conduction term  which 
had been assumed to  be sm all .  Heat conduction i s  p ro p o r­
t i o n a l  to  th e  g ra d ie n t  o f tem pera tu re , and accord ing  to  
F o u r i e r 's  law of h e a t  conduction , th e  h ea t  conduction  q i s
q = -%T .
where T i s  the  tem pera tu re , and Kg, i s  the  c o e f f i c i e n t  o f 
therm al conduction . The h ea t  conduction c o e f f i c i e n t  takes 
th e  s ta n d a rd  form - ( 5 / 2 ) (k^nT/mKi) (dT /dx), and when mul­
t i p l i e d  by 2 in s id e  the  energy equation  and in  terms of 
d im ension less  v a r ia b le s  becomes :
5a^v9 de /,
— —  a?  • (48)
The h e a t  conduction term must be added in s id e  the  b rack e t  
on the  l e f t  s id e  o f  the  energy equation  (43). I n te g r a t in g
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e q u a tio n  (43) across  the  sh ea th  r e s u l t s  in  a d i f f e r e n t i a l  
eq u a tio n  fo r  6 which must be in te g r a te d .  The momentum equa­
t io n  became, a q u a d ra t ic  equation  f o r  ip w ith  the  same branch 
t r a n s i t i o n  problem as b e fo re .  The new equation  f o r  c a lc u ­
l a t i o n  o f  6 was
^  “ 5 o ^  { (4'“1 ) ^ + ( 5 i j ; - 2 ) ^ + a - a ( l - T i ^ ) . (49)
In t ro d u c t io n  o f  the  h e a t  conduction  term a lone  in  th e  energy
eq u a tio n  w ith  the  re g u la r  i n i t i a l  co n d it io n s  produced an
even e a r l i e r  s ig n  change o f  r\ a t  about i)j=0.78. I t  was
th e  l a r g e s t  va lue  of \p which could  be achieved , w ith  c=0.7,
V 1=0.04657. F igu re  4 g ives  q as a fu n c t io n  o f  \p, and
F ig u re  5 g ives 6 , y, v as a fu n c t io n  of
The nex t c o r r e c t io n  to  be considered  was ion  momentum
which must be added to  the  energy equ a tion . Sanmann and 
22Fowler showed t h a t  when approaching the  energy eq ua tion  
by w r i t in g  the  g lo b a l  momentum and energy e q u a t io n s , each 
c o n ta in s  the  heavy p a r t i c l e  tem pera tu re  change and the  ion
momentum change in  the  f i e l d  as unknown. To o b ta in  an
energy eq u a tio n , one has h is  cho ice  o f  e l im in a t in g  e i t h e r  
heavy p a r t i c l e  tem pera tu re  change o r  ion  momentum change 
and th en  e v a lu a t in g  th e  o th e r .  She lton  argued th a t  the  
tem pera tu re  change was n e g l ig ib le ,  bu t ion  momentum change 
was s i g n i f i c a n t ,  though sm all.  Since both  ion momentum 
change and heavy p a r t i c l e  tem pera tu re  change were d i f f i ­
c u l t  to  e v a lu a te ,  and i n t e r f e r e d  w ith  the  approximate
.8
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Figure 4. Electric field (n) as a 
function of drift velocity (ijj) .
=s.10
•6 .80 .2 .4
-P'o
Figure 5. Temperature (0), electron 
density (v), and ionization rate (y) 
as a function of position (Ç). Scale 
factors : ' For v divide y by 10 , for 
y divide y by 10^.
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s o lu t io n ,  he chose to  ignore  the  tem perature  change term 
and e l im in a te  the  ion momentum change. Since then i t  has 
been p o s s ib le  to  d e r iv e  express ions  r e p re se n t in g  these  
changes, bu t heavy p a r t i c l e  tem pera tu re  change has two 
p a r t s :  e l a s t i c  lo ss  from the  ion  excess v e lo c i ty  and
e l a s t i c  lo s s  by e le c t ro n  c o l l i s i o n s .  This makes heavy 
p a r t i c l e  tem perature  change a more com plicated c o r re c t io n  
term  th an  the  ion  momentum change, so Sanmann chose the  
course  o f  e l im in a t in g  tem pera tu re  change, and which proved 
to  be th e  b e s t  course o f  a c t io n  fo r  the  approximate s o lu t io n s .
In  d e r iv in g  equations (35) and (36), the  ion  v e lo c i ty  
was assumed to  be equal to  th e  n e u t r a l  v e lo c i ty  V, fo r  
the  purpose of f in d in g  the  i n i t i a l  c o n d i t io n s . To o b ta in  
ion  momentum change, one h a s , to  take  alm ost the  same course  
o f  a c t io n  taken  fo r  d e r iv in g  equations (35) and (36), and 
use  the  equatio n  o f co n serv a tio n  of baryons and the  zero  c u r ­
r e n t  c o n d it io n s ,  and use Vj =^Vo except a t  the  p laces  t h a t  t h e i r
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d i f f e r e n c e s  appear. The new form of the  g loba l  momentum 
and energy equations would be
mnvV0 (v-Vo)+MnvV„ (V. -Vo)+N„VokAT+nkT^V0+ ^  (Eo^-E.^)Vo=0,
(50)
mnv(v2-V?)+2MnvVo(V^-Vo)+5N„VokAT+5nvkTg+2e())nv+2q=0 . (51)
Labeling  (V^-Vq) as AV, m u lt ip ly in g  equation  (50) by 
5 and s u b t r a c t in g  i t  from equation  (51), one f in d s
mnv(v-4Vo) ( v - V q )  -3MnvVoAV+5nkTg(v-Vo)+2e(J)nv--^^^^(Eo^-E^)
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+ 2q. = 0 . (52)
To f in d  AV one has to  use the  equations o f  con serv a tio n  of 
momentum, energy, and mass fo r  p o s i t iv e  ions
^(M .N .V |+N .kT .) = eN.E - K.M.N. (V.-V) + gM.nV , (53)
^(M.N^V|+5N^V.kT.)=2eN^V.E-2K^M^N.V.(V.-V)+BM.nV2 , (54)
i ( N i V i )  = en . (55)
Using equa tion  (55) fo r  gn in  momentum and energy equa­
t io n s  , one w i l l  f in d
^(M .N.V.(V.-V)+N.kT.)=eN.E-K.M .N.(V.- . (56),
A(Vi^i(^i"^')'^5Nj^V^i)"2eNiV.E-2Kj^Mj^Nj^Vj^(V^-V) . (57)
M u lt ip ly in g  equation  (56) by 5V, u s in g  th e  zero c u r re n t  
c o n d i t io n ,  s e t t i n g  V^ =^V except a t  th e  p lac es  th a t  t h e i r  
d i f f e r e n c e s  appear, and l a b e l in g  V^-V as AV:
^(5M^nvVAV+5nvkT^)=5envE-5K^M^nvAV , (58)
^(2M^nvVAV+5nvkT^)=2envE-2K^M^nvAV . (59)
S u b tra c t in g  equa tion  (59) from equation  (58):
^(MnvVAV) = envE - K^Mnv AV (60)
In tro d u c in g  dim ensionless v a r ia b le s  in to  the  equation  (60):
^  (y^T) = ^  , (61)
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where w=(2m/M), Ÿ=(AV/V), and K^=(mVK^/eEo) . M u ltip ly ing  
both  s id e s  o f equa tion  (61) by e^ i^  and so lv in g  t h a t  d i f ­
f e r e n t i a l  equation  fo r  vip'H, one has
In tro d u c in g  th e  d im ension less v a r i a b le s  in  equation  (52),
and s u b s t i t u t in g  fo r  T from equation  (62), r e s u l t s  in  the
new.form of the  energy equ a tion  w ith  th e  ion momentum
change inc lu ded . The new equa tion  i s  a ls o  a d i f f e r e n t i a l
Ki
equation  fo r  6 which must be in te g r a te d .  S e t t in g  
^  + 5 e ( l - | ) + l - | ( l - n ' ) / j  .
vrpjj e^^^ dç} . (63)
0
3e"^K^
aj
S o lu t io n  o f  the  e l e c t r o n - f l u i d  equa tions  w ith  equa tion  (63) 
as i t s  energy equation  was a ls o  d isa p p o in t in g .  E i th e r  p 
rev e rse d  b e fo re  ij;=l (pa th  2, F igu re  1) o r  0 became nega­
t i v e  (pa th  1, F igu re  1 ). p became n e g a t iv e  even e a r l i e r ,  
and the  l e a s t  bad case was k= 0 . 5 4 ,  Vi = 0 . 07 .  In the  case  
of p s ign  r e v e r s a l  b e fo re  ij;=l, when we l e t  the  in te g r a t i o n  
continue  on e i t h e r  ip passed  through a maximum and u l t i ­
m ately  became n e g a t iv e  (pa th  3 ) ,  o r  p s p i r a le d  around the  
(p=0,ij;=l) p o in t  w ithou t converging to  t h a t  p o in t .  F igure  
6 g ives p as a fu n c t io n  of jp, and F igure  7 g ives  y , 0, v as 
a fu n c t io n  o f  p o s i t io n  (Ç) fo r  the  case  K=0.54, v i=0.07 .
n*
Figure 6. Electric field (n) as a 
function of drift velocity (ijj) .
8 .
Figure 7, Temperature (0), electron 
density (v), and ionization rate (y) 
as a function of position (Ç).
Scale factors : For v divide y by 10
for y divide y by 10^.
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One n s ig n  change which r e p re s e n ts  a charge s ign  r e ­
v e r s a l  in s id e  the  wave might be t o l e r a b l e ,  bu t th e  m u l t i ­
p le  s ig n  change o f  rj which tak es  p la c e  in  th e  case  of a 
s p i r a l  p a th  around (n=0,ijj=l) cannot be rea so n ab le .  A con­
s id e r a b le  in v e s t ig a t i o n  was then  made o f  p o s s ib le  embedded 
shocks a t  (n=0, i|;>l), bu t connec tion  could never be made 
from the  p o in t  S to  th e  p o in t  (ij;=l,ri=0) fo r  any s o lu t io n  
by u s in g  the  shock c o n d i t io n s . Also one might reach  the  
p o in t  ( # 1 ,  n=0) co n tinu ously  by a s in g le  n s ign  change 
(p a th  B ), bu t  we could no t f in d  a p a th  such as B.
At t h i s  p o in t  i t  became c le a r  th a t  to  ach ieve  a so lu ­
t io n  which would meet th e  c o n d it io n s  on i n i t i a l  and f i n a l  
s t a t e s  o f  n and an a d d i t io n a l  degree o f  freedom was 
r e q u i r e d .  We decided  to  abandon th e  requ irem ent t h a t  the  
d e r iv a t iv e  o f  th e  tem pera tu re  must be zero  a t  th e  wave 
f r o n t .  In  o th e r  words, to  pe rm it d i s c o n t i n u i t i e s  a t  the  
wave f r o n t  in  the  d e r iv a t iv e s  o f  th e  fu n c t io n s  as w e ll  
as the  fu n c t io n s  them selves. This was based  on the  a rgu­
ment t h a t  a s tro n g  d i s c o n t in u i ty  could o v e rr id e  a weak 
d i s c o n t in u i ty  a t  the  same p o in t .  In  our e a r l i e r  work we 
had abandoned t h i s  id ea ,  th in k in g  t h a t  a flow o f  hea t  
( 01^ 0) would then  be c ro s s in g  the  wave f r o n t ,  bu t the  heat 
conduction  term  i s  only one component o f th e  energy ba­
la n c e ,  and th e  o th e r  v a r i a b le s  a ls o  have d e r iv a t iv e  d i s ­
c o n t i n u i t i e s .  Also in  many shock wave problems a tempera­
t u r e  d e r iv a t iv e  d i s c o n t in u i ty  has been assumed. To f in d
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the  i n i t i a l  c o n d it io n  on ip, w ith  d is c o n t in u i ty  on the  
tem pera ture  d e r iv a t iv e  allowed, we in tro duce  the  i n i t i a l  
c o n d it io n  on 6
a6i = 4^(1 - ,
and the  va lues o f o th e r  v a r ia b le s  a t  the  lead ing  edge of 
the  wave (Ci=0,rii=l) in to  the  energy equa tion  w ith  th e  
h e a t  conduction term inc luded :
viil^ i (ijji-l) (l-ii)i) (5iJji-2)+avii|^i+a(ni^-l)- °^‘^ ^^-^ --(l-4'i)6i'
= 0 ,
or
Solving t h i s  q u a d ra t ic  equa tion  fo r  i pi ,  one f in d s  th e  i n i ­
t i a l  co n d it io n  on ip:
5 ( 1 4 ^ ) - / ( 3 - 5 ^ )  2+16a 
= --------------  g- -------------  . (64)
Our f i r s t  a ttem pt to  so lv e  the  e l e c t r o n - f lu i d  equations 
w ith  the  new i n i t i a l  c o n d it io n  on ip was the  o r ig in a l  method 
of in te g r a t in g  the  impulse term of the  momentum equation
fK
vn d  ^ ,
0
and so lv ing  the  a lg e b ra ic  q u a d ra t ic  form of the momentum 
equation  fo r  ip, e i t h e r  w ith  o r w ithou t the  e l im in a t io n  of
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0 from th e  energy equation . This again  involved  th e  h o r i ­
z o n ta l  tan gen t approach to  the  two branches o f  the quadra­
t i c  equa tion , w ith  a change o f  th e  b ranches , which was 
p o s s ib le  fo r  c e r t a in  combinations o f  ipi ,  Vi, and x.
Finding th e s e  s o lu t io n s  was very  time-consuming and a lso  
w a s te fu l  o f  computer tim e, but a few nea r  so lu t io n s  were 
found .
Next we s h i f t e d  from th e  a lg e b ra ic  q u a d ra t ic  form of 
the  momentum equation  to  the  p r im i t iv e  d i f f e r e n t i a l  form.
By employing the  p roduction  equation  (26), one can w r i te  
the  momentum equation  (28) as a d i f f e r e n t i a l  equa tion  fo r  
ip. E le c tro n  p rod uc tion  and momentum equations  can be w r i t ­
ten  as :
V ^  + ij; ^  = xyv (65)
(\/j-l) ^  ^  ^  “ -VTl - KVlfJ + K V  . (66)
S u b s t i tu t in g  fo r  (d(vij^)/dÇ) from p roduction  eq u a tion , and 
fo r  dv/dÇ from equation  (65), one can so lve  equa tion  (66) 
fo r  d^/d^:
Kxjj(l-xti) ( l+ y)-K ya8-n4 i-#  ^
ï ïf  ip~^^~cr6
de
( 67)
The s in g u la r  behav io r o f  th e  equa tion  s e t  which l i e s  be ­
tween 0<^<1 and has appeared in  d i f f e r e n t  forms in  d i f f e r ­
en t  combinations o f  equation  s e t s  b e fo re ,  i s  m an ifes t  here  
a t  ip^=ad. Since diJ;/dÇ can no t be i n f i n i t e  w ithou t a shock, 
and no shock i s  p o s s ib le  between \jji and 1, then  the  numerator
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i n  eq ua tion  (67) must a lso  be zero  a t  the  same p o in t  where 
th e  denominator became zero . This a llows us to  choose the  
i n i t i a l  v a lu e  o f  ipi by t r i a l  and e r r o r  fo r  a g iven k. The 
va lue  o f  the  numerator must be compared w ith  t h a t  o f  the  
denominator each time and t h i s  can n o t  be done w ithout 
i n t e g r a t i o n  o f  th e  s e t  up to  th e  p o in t  o f s in g u la r i t y .
This course  o f  a c t io n  i s  somewhat more d i r e c t  than  use o f  
th e  q u a d ra t ic  equa tion  fo r  iji. With in c re a s in g  a, even as 
h igh  as 'uO.l, th e  s in g u l a r i t y  becomes so sharp t h a t  i t  
can l i e  w i th in  a s in g le  s tep  o f  in t e g r a t io n .  This makes the 
d e te c t io n  of the  s i n g u l a r i t y  d i f f i c u l t ,  e s p e c ia l ly  fo r  very  
h igh  va lues  o f  a.
S ince 6' i s  dependent on v , th e  r e s u l t s , e s p e c ia l ly  the  
a c t io n  o f  q and ijj a t  th e  t r a i l i n g  edge o f  th e  shea th , were 
very  much dependent on the  i n i t i a l  v a lu e  of v (= v i) .  Appro­
p r i a t e  cho ice  o f  Vi brought us very  c lo se  to  meeting the  
tan g e n t  c o n d it io n s  a t  q=0,4»=l fo r  th e  f i r s t  tim e.
Because o f  the  sm all r a t e s  o f  th e  h ea t  lo s s  by e le c t ro n s  
in  e l a s t i c  c o l l i s i o n s  we l i k e  o th e rs  had n e g le c ted  terms l ik e  
3m/M(nKikTg) in  our p rev ious  work. At t h i s  s ta g e  we chose an a l ­
t e r n a t i v e  fo rm u la tio n  o f  the  energy equation  w ith  the  hea t  
lo s s  terms by the  e le c t ro n s  to  th e  heavy p a r t i c l e s  in  e l a s ­
t i c  c o l l i s i o n s  inc lu ded . The e le c t ro n s  hea t  lo s s  term in  
t h e i r  d i r e c te d  motion i s  (m/M)nKim(v-V) ^ , which in  terms of 
dimens io n le s s  v a r ia b le s  would become w k v / 2 (i(^-l)^ and must a lso  
be s u b t r a c te d  from the  r i g h t  hand s id e  o f  the  energy equation .
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In  th ese  terms w i s  2m/M. Adding the  new c o r re c t io n  terms 
to  the  energy equa tion  one has
^+av6 (5ij;-2)+avi|;+ari^~- °^‘j^ —~ ^}=-wicv{3a9+(ii)-l)  ^} .
( 68)
We d es ig n a ted  th e  r i g h t  s id e  o f  equa tion  (68) as dW/dÇ,
^  = -o iicv  3 a 0 + { ( i p - I ) ^ }  . ( 6 9 )
B ring ing  dW/dÇ to  the  l e f t  s id e  o f  the  energy e q u a t io n , and 
i n te g r a t i n g  i t  ac ro ss  the  sh ea th ,  one w i l l  f in d  a d i f f e r e n ­
t i a l  eq u a tio n  f o r  0 which must be in te g r a te d .
^  ^+av6(5iJj-2)+avilJ+a(Ti^-l)-'W} . (70)
Using th e  shock c o n d it io n s  on 0 and ip, w ith  th e  tem pera tu re  
d e r iv a t iv e  d i s c o n t in u i ty  allowed and th e  i n i t i a l  c o n d it io n  
on n ( n i = l ) , one can e a s i l y  f in d  th e  i n i t i a l  c o n d it io n  on 
W which i s  Wi=a.
In t ro d u c t io n  of equa tion  (68) as energy equ a tio n  in  
th e  s e t  o f  the  e l e c t r o n - f l u i d  e q u a tio n s ,  acceptance  o f  the  
e le c t r o n  tem pera tu re  d e r iv a t iv e  d i s c o n t in u i ty  ( 0 ' )  a t  th e  
le a d in g  edge of th e  wave, th e  use o f  the  momentum equation  
in  t h e  form o f  equ a tio n  (67), and a p p ro p r ia te  choice o f  Vi, 
ipi,K le d  to  a com plete ly  s a t i s f a c t o r y  s o lu t io n  which met 
th e  tan g en t  c o n d it io n s  a t  th e  t r a i l i n g  edge o f  the  wave 
(ri=0,ij;=l) w i th in  the  accuracy  o f  th e  in te g r a t io n  s te p .
The r e s u l t s  fo r  the  case o f  a =0 . 01 ,  <=1.18179,  Vi=0 .025 ,  
and 1=0.31953 in  argon a re  given in  F igures 8-10 .  As
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F ig u r e  8. E l e c t r i c  f i e l d  (n) and d r i f t  
v e l o c i t y  ( ip)  a s  a  f u n c t i o n  o f  p o s i t i o n  
f o r  Ar a t  « = 0 .0 1 ,  ^ i = 0 , 31953, v i= 0 .0 2 5 ,  
K = l .18179.
•8
1
*4
•6
F ig u re  9 . E l e c t r i c  f i e l d  (n) a s  a  f u n c ­
t i o n  o f  d r i f t  V e l o c i ty  f o r  Ar a t
a = 0 .0 1 ,  1/^1=0.31953, v i= 0 .0 2 5 ,  <=1,18179.
a. 1 0
1.2 1,6.4 80 0 1.8.4 1.2 1.6.8
Figure 10. Electron temperature (0), elec­
tron density (v), ionization rate (y) as a 
function of position (Ç), Scale factors:
For V divide y by 10^, for y divide y by 10^
Figure 11. Electric field (p) and drift 
velocity (ijj) as a function of position 
(Ç) for Ar at a = 2 , ^^=0.0845, V i = 7 . 7 ,
K-0.6498.
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mentioned b e fo re ,  when a becomes l a r g e r  the  s i n g u l a r i t y  be ­
comes very  sharp , th e re fo re  very  d i f f i c u l t  to  d e te c t .  We 
in v e s t ig a te d  the  so lu t io n s  fo r  a=0.01 ,  0 . 1 ,  1 . ,  2 . ,  4.  and 
we were a b le  to  f in d  so lu t io n s  in  a l l  cases except fo r  a=4. 
In  the  case o f  a=4 th e  s o lu t io n  could no t be made to  con­
verge  to  n=0 a t  i>=l, bu t 6 became n e g a tiv e  a t  i p = 0 . 9 7  fo r  
k=G, 54087, tjJi=0.015, and Vi=49 .2 .  This in d ic a te s  th e  e x i s ­
tence  o f  a c u to f f  c lo se  to  a~4. (expected from experim ent!) 
F igure  11 gives e l e c t r i c  f i e l d  (p) and d r i f t  v e lo c i ty  (ijj) 
as a fu n c t io n  o f  p o s i t io n  ( O , and F igu re  12 gives  tem pera­
tu r e  (6 ) ,  io n iz a t io n  r a t e  ( y ) , and e le c t ro n  d e n s i ty  (v) as 
a fu n c t io n  of p o s i t io n  ( O  f o r  th e  case  o f  a = 2 . ,  K=0.6498,  
v i = 7 . 7 ,  11)1=0.0845 in  argon.
We a ls o  in v e s t ig a te d  th e  so lu t io n s  fo r  two more g ases ,  
n i t ro g e n  and helium  fo r  above range o f  a. The beh av io r  o f 
e l e c t r i c  f i e l d  as a fu n c t io n  o f  d r i f t  v e lo c i ty ,  e l e c t r i c  
f i e l d  and d r i f t  v e lo c i ty  as a fu n c t io n  o f  p o s i t io n ,  temp­
e r a tu r e  and e le c t ro n  d e n s i ty  as a fu n c t io n  o f  p o s i t io n  
were very  s im i la r  in  a l l  th r e e  gases . The only  d i f f e r e n c e  
was t h a t ,  f o r  helium  and argon th e  io n iz a t io n  r a t e  ap­
proaches zero a t  the  end of the  sh ea th , and th a t  o f  n i ­
t ro gen  remains non-zero  bu t sm all .  For comparison the  
e le c t r o n  d e n s i ty  (v) as a fu n c t io n  o f  p o s i t io n  (Ç ), and 
the  io n iz a t io n  r a t e  (y) as a fu n c t io n  o f  p o s i t io n  (O  a re  
g iven  in  F igu res  13 and 14 fo r  th e  case  of a=2 in  argon, 
helium , and n i t ro g e n .
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F igure  12. E le c tro n  tem pera tu re  (6 ) ,  e le c t ro n  d e n s i ty  
(v), and io n iz a t io n  r a t e  (p) as a fu n c t io n  o f  p o s i t io n  
(Ç) f o r  Ar a t  a=2, ipi=0.0845, Vi=7.7, ic=0.6498.
S ca le  f a c t o r s :  For 6 d iv id e  y by 10^, fo r  v d iv id e  y by
10, fo r  y d iv id e  y by 10^.
.Ar
10 N2
1.61.2
10 J! 2^
HeAr
.4 .80 1.2 21.6
iji
-P'
Figure 13. Ionization rate (u) as a func­
tion of position (Ç) for Ar, Ng, He at a=2.
Figure 14.. Electron density (v) as a func­
tion of position (Ç) for Ar, N2 , He at a=2. 
Scale factors: For v divide y by 10.
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For the  case o f  a=0.01 in  n i t ro g e n  we g rad u a l ly  de­
c reased  the  s iz e  of the  in te g r a t io n  s te p  from AÇ=0.01, to  
0.005, 0.0025, 0.0008. The e f f e c t  on th e  s o lu t io n s  i s  i n t e r e s t ­
ing  but no t s i g n i f i c a n t .  In  n i t ro g e n  fo r  a=0.01 and in te g r a t io n  
s tep  o f  0.01 the  s o lu t io n  was found to  be <=1.2778,
V i = 0 . 025,  i|»i=0.33455,  where fo r  i n te g r a t io n  s te p  o f  0.0008  
i t  occurred  fo r  <=1.1805,  vj =0 . 025 ,  =0 .31903 .  The i n t e ­
g r a t io n  s tep  i s  th e re fo re  im portan t fo r  a p e r f e c t  r e s u l t ,  
bu t  a s tep  which does no t invoke in o rd in a te  amounts of 
machine time possesses  enough accuracy fo r  p roof o f the  
e x is te n c e  of s o lu t io n s .
CHAPTER V 
CLASS I I  PROFORCE WAVES
Up to  t h i s  p o in t  we have s tu d ie d  the  p ropaga tio n  of 
th e  io n iz in g  waves in  to  a medium of s u b s t a n t i a l l y  zero  
e le c t r o n  ion  c o n c e n tra t io n  (zero  c u r re n t  in  f r o n t  o f the  
w ave). In  t h i s  ch ap te r  we w i l l  co n s id e r  the  p ropaga tion  
o f  th e  p ro fo rc e  waves in to  a medium o f  s i g n i f i c a n t  ion  con­
c e n t r a t io n ,  which a re  c a l le d  Class I I  p ro fo rc e  waves.
The io n iz e d  medium in  the  atm ospheric  case  i s  u s u a l ly  
a m ix tu re  of p o s i t iv e  n i t ro g e n  ions and n e g a t iv e  oxygen 
io n s ,  where th e  e le c t ro n s  a re  lo o se ly  bound to  the  oxygen 
atoms. A p p l ic a t io n  o f  a weak e l e c t r i c  f i e l d  to  the  p o s i t iv e  
and n e g a t iv e  ions tend  to  a c c e le r a te  the  p o s i t iv e  and nega­
t i v e  ions in  two d i f f e r e n t  d i r e c t i o n s . The movement of 
th e se  charges c re a te s  a sm all c u r re n t  in  f r o n t  o f the  wave. 
I t  w i l l  be shown th a t  the  waves p ro paga ting  in to  an io n ized  
medium w i l l  possess  d i f f e r e n t  s t r u c tu r e  than  they  had w hile  
moving in to  a non ion ized  medium, and th e  s t r u c tu r e  o f  the 
wave depends ve ry  much on the  c o n ce n tra t io n  o f ions in  
f r o n t  o f  the  wave. The n e g a tiv e  and p o s i t iv e  ions have 
equal number d e n s i ty ,  and we w i l l  r e p re s e n t  them as N^=No,
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Nf=Nt r e s p e c t iv e ly .  The ap p lied  e l e c t r i c  f i e l d  w i l l  be 
r e p re se n te d  as E^, denoting th e  f i e l d  f a r  away from the 
wave f r o n t .  Because of having alm ost equal mass, the  po­
s i t i v e  and n e g a t iv e  ions w i l l  a cq u ire  equal speeds in  oppo­
s i t e  d i r e c t i o n s .  I f  in  the  lab  frame the  p o s i t iv e  and ne­
g a t iv e  ions were moving w ith  a speed o f  magnitude Vo, then 
th e  e le c t ro n s  a t ta c h e d  to  the  n e g a t iv e  ions w i l l  be moving 
w ith  the  same speed, and a lso  they  w i l l  have equal number 
d e n s i ty  as io n s .  Denoting the  number d e n s i ty  o f  e le c t ro n s  
as n o , one has
U.o = -N.q ~ ti,o .. (73)
Assuming t h a t  in  the  lab  frame the  wave f r o n t  i s  moving 
from l e f t  to  th e  r i g h t  ( p o s i t iv e  x d i r e c t io n )  w ith  a speed 
of Vo, then  in  one dimension and in  th e  wave frame the 
n e u t r a l  atoms w i l l  be swept in to  th e  wave f r o n t  w ith  a v e lo ­
c i t y  - V o ,  and depending on the  d i r e c t i o n  of th e  the  
p o s i t iv e  and n e g a t iv e  ions w i l l  possess  a speed o f  e i t h e r  
- (Vo+Vo), - (Vo-Vo) or the  o th e r  way around. When an ion ized  
medium i s  overrun  by a p ro fo rce  wave, th e  ions w i l l  no 
longer be under the  in f lu e n c e  of the  remote f i e l d  
(E ^ ) , and fo r  a very  s h o r t  time ( th e  time th a t  i t  takes 
fo r  a t h in  f r o n t  p a r t  o f  the sh ea th  to  t r a v e r s e  th e  ions) 
they  w i l l  be in f lu e n ce d  by th e  e l e c t r i c  f i e l d  e x i s t e n t  a t  
the  wave f r o n t  ( E o ) .  The f ro n t  e l e c t r i c  f i e l d  w i l l  r ip  
the  lo o se ly  bound e le c t ro n s  o f f  o f the  n e g a t iv e  ion s .
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leav in g  them as n e u t r a l s .  The ions e n te r in g  the  wave w i l l  
make a few c o l l i s i o n s  w ith  n e u t r a l  atoms and a cq u ire  the  
same speed as n e u t r a l  a tom s. Also th e  e l e c t r i c  f i e l d  i n ­
s id e  th e  sh ea th  drops to  zero very  f a s t ,  i n  which s h o r t  
time th e  ions do no t acq u ire  speed in  excess o f  n e u t r a l  
a tom s. In  p ro fo rc e  waves, the  e le c t ro n s  because o f  t h e i r  
sm all mass w i l l  be d r iv en  toward the  wave f r o n t ,  w ith  a 
v e lo c i ty  sm a lle r  than  Vg( | v | <]Vg|) .  T h ere fo re ,  in  the  
wave frame the  e le c t ro n s  w i l l  have a n e g a t iv e  speed.
We began our a ttem p ts  a t  d i r e c t  s o lu t io n  by only con­
s id e r in g  th e  e f f e c t  o f  the  c u r re n t  in  f r o n t  o f  the  wave in  
th e  P o is s o n 's  equ a tion  and n e g le c t in g  i t s  e f f e c t  on the  
shock c o n d i t io n s .  This f a i l e d  to  g ive  any u s e fu l  r e s u l t s ,  
even i f  we used the  same s e t  o f  e l e c t r o n - f l u i d  equations  
which in  th e  case  o f  p ro fo rce  wave t r a v e l in g  in to  a non­
io n iz e d  medium led  us to  a com plete ly  s a t i s f a c t o r y  s o lu t io n  
m eeting th e  boundary c o n d it io n s  a t  th e  t r a i l i n g  edge o f 
th e  wave. The i n t e g r a l s  produced n e g a t iv e  v a lues  o f  6 
(pa th  1, F igu re  1) b e fo re  ^  reached u n i ty ,  which i s  no t 
a c c e p ta b le .  In  t h i s  case  th e  boundary c o n d it io n s  
a t  the  end o f  the  wave would be d i f f e r e n t .  While th e  e le c ­
t r o n s ,  io n s ,  and n e u t r a l  atoms come to  an e q u il ib r iu m  
(ij)->-l), and th e  f i r s t  d e r iv a t iv e  of th e  e l e c t r i c  f i e l d  approach­
es zero  (dp/dÇ ->■ 0 ) , t h i s  i s  no t  n e c e s s a r i ly  t r u e  of th e  e l e c t r i c  
f i e l d  i t s e l f .  According to  K irc h h o f f 's  law the  c u r re n t  
e n te r in g  th e  wave f r o n t  would be leav in g  th e  wave a t  the
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end. The f i e l d  d r iv es  a c u r re n t  f a r  ahead of th e  wave, 
so th e re  must be a rem aining f i e l d  a t  the  end o f  th e  wave 
to  d e r iv e  a c u r re n t  th e re  a ls o .
The nex t a ttem pt was to  co n s id er  the  e f f e c t  o f  the  
c u r re n t  ahead o f  the  wave in  the  boundary co n d it io n s  in  
f r o n t  o f the  wave. Assuming th a t  th e  e l e c t r i c  f i e l d  ahead 
o f  the  wave p o in ts  in  the  n e g a t iv e  x d i r e c t io n ,  the  oxy­
gen atoms and the  e le c t ro n s  a t ta c h e d  to them w i l l  move to  
the  r i g h t  and th e  p o s i t iv e  ions w i l l  move in  the  d i r e c t io n  
o f  the  f i e l d  w ith  speeds o f  -(Vg-vo) and - (V g+v g) re sp ec ­
t i v e l y  r e l a t i v e  to  th e  wave f r o n t .  The absence o f  an ex­
p e r im e n ta l ly  observed Doppler s h i f t  i n d ic a te s  t h a t  n e i th e r  
th e  ions nor the  n e u t r a l s  have a p p re c ia b le  motion in  the  
la b o ra to ry  and, based on t h i s ,  the  v e lo c i ty  o f ions and 
n e u t r a l s  can be assumed to  be equal to  Vg in s id e  the  wave.
By using  equation  (73), the  eq ua tion  fo r  conserv a tion  
o f  c u r re n t  in  the  wave f ro n t  becomes
env-eN^Vg = eng(Vg-Vg)-eng(vg+Vg) , (74)
where n and a re  the  e le c t ro n  and ion co n ce n tra t io n s  i n ­
s id e  the  sh ea th  r e s p e c t iv e ly .  Solving equa tion  (74) fo r  
, one has
S u b s t i tu t in g  fo r  from equation  (75) in  the  P o is s o n 's 
equa tion  o f  the form o f  equation  (19), one has
6 0
In tro d u c in g  the  d im ensionless v a r ia b le s  in to  th e  P o is s o n 's 
equa tion  i t  becomes :
^  (4) -  1) + 2 ^  , (77)a a
where jo  i s  the  c u r re n t  ahead of th e  wave.
The g lo b a l  ( a l l  p a r t i c l e )  momentum equation  can be 
w r i t t e n  in  th e  fo llow ing  way:
ranv2+N^M^V2+MNV2+nkT+(N+N^)kT = - ÿ  + C , (78)
where C i s  a c o n s tan t  to  be determ ined by co n d it io n  ahead 
o f  th e  wave.
nmv^+N^MVo -^mN^Vo^+MNVl+nkTg-n ok(Tg)o+(N+N^)kT- (Nq+N^  ^)kTo
-nom(Vo-Vo)"-N. (M-m) (Vo+vJ^-MNgVif = 0 (79)J-0
where (T ^)o , and T q a re  e le c t ro n  and n e u t r a l  tem pera ture  
r e s p e c t iv e ly  ahead o f  the  wave, and the  e l e c t r i c  f i e l d  
r i g h t  a t  th e  wave f r o n t  i s  no longer E^, bu t i t  becomes 
Eq. The source  o f  the  tem pera tu re  d i f f e re n c e ,  T-To, must 
be c o l l i s i o n s  o f  e le c t ro n s  w ith  th e  n e u t r a l s  s in c e  the  e le c ­
t r o n -  ion  c o l l i s i o n s  a re  so in f re q u e n t  as to  be n e g l ig ib le .
28Sanmann c a lc u la te d  the  energy t r a n s f e r  r a t e  fo r  e le c ­
t r o n - n e u t r a l  c o l l i s i o n s ,  and concluded th a t  T-To in c re a se s  
w ith  p o s i t io n  x through the  wave and i s  o f  the  o rder  o f 
4K(nTg/NoVo)(m/M)x. C a lc u la t in g  NoVo/nT^, he found th a t  
even fo r  th e  extreme case  of helium, i f  the  wave v e lo c i ty  
i s  g r e a t e r  than  10^ m /sec, t h i s  term i s  as sm all as 10"^.
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Also a t  the  wave f ro n t  N=Nq, and N.=N. =no, because the
1  1  0
io n iz a t io n  does n o t  tak e  p lace  a t  th e  wave f r o n t  bu t i n ­
s id e  the  shea th . Considering th e  above arguments th e  terms
( N + N . ) k T  and ( N o + N .  ) k T o  in  equ a tio n  (79) cance l each o th e r .
1  1  0
The e le c t ro n s  ahead o f  the  wave a re  a t ta c h e d  to  th e  oxygen 
atom s, th e re fo re  the  e le c t ro n  tem pera tu re  (T ^ ) q which i s  
in  th e  o rd e r  o f  the  room tem pera tu re  would be n e g l ig ib le  
compared to  th e  e le c t ro n  tem pera ture  in s id e  th e  sh ea th . 
Compared to  th e  wave v e lo c i ty  Vp, th e  n e u t r a l - i o n  v e lo c i ty  
Vo ahead o f  the  wave i s  very sm all ,  t h e re fo re  the  terms 
having V|f could  be n e g le c ted .  Taking a l l  th e  above in to  
c o n s id e ra t io n ,  and employing th e  equa tion  o f  con serv a tio n  
o f  p a r t i c l e s  :
No + no = N + (80)
in  eq ua tion  (79), i t  s im p l i f i e s  to :
nmv^ -  mN^ Vif +  nkT^ +  4nomnoVo -  ZnpVpVoM =  0 .
Employing equation  (75) in  t h i s  e x p re ss io n , one has
nkT^ = -nmv^ + nrnvVp - bnomvpVo + ZnoVoVpM . (81)
Denoting the  va lues  o f  th e  v a r ia b le s  a t  the  wave f r o n t  by 
a s u b s c r ip t  1, s u b s t i t u t in g  fo r  n i a t  the  wave f r o n t  from 
equation  (75), and d iv id in g  bo th  s id e s  by mVo equation  (81) 
reduces to  :
W  = W  (V o" Ï T vo)V o' (m " ' (8%)
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In tro d u c in g  d im ension less v a r ia b le s  in  t h i s  ex p re ss io n , 
one f i n a l l y  o b ta in s  th e  boundary c o n d it io n  on the  e le c t ro n  
tem pera tu re  ;
e . f a  (1 -  » ,)  + ( i  - 3) , (83)
where ipo = Vq/V o i s  th e  ion v e lo c i ty  in  f r o n t  o f  the  wave.
To f in d  th e  i n i t i a l  c o n d it io n  on ip, we took the  same
course  o f  a c t io n  as we had p re v io u s ly  in  the  case  o f  p ro ­
fo rc e  waves p ropaga ting  in to  th e  non ion ized  medium. At 
th e  wave f r o n t  c rossw ise , and d i r e c te d  motion of the  e l e c ­
t ro n s  a re  z e ro ,  which makes th e  h e a t  lo s s  term 3a8wcv, 
wKv(i|)-l) 2 by e le c t ro n s  zero . The energy equ a tio n  g ives
th e  shock c o n d it io n  on i|)i a s :
S ince VifO, then  s u b s t i t u t in g  fo r  8i from equation  (84), 
and f a c to r in g  ou t ipi r e s u l t s  i n  a q u a d ra t ic  equation  on 
ij;i which could  be so lved fo r  i t .  Also the  i n i t i a l  condi­
t i o n  on W as in  p rev ious case  becomes a. Using the  above 
i n i t i a l  c o n d it io n s  w ith  a p p ro p r ia te  va lues  o f  ipg, jpi, v i ,
K, and th e  e l e c t r o n - f lu i d  equation  s e t  in  the  form of:
= KUV ,
(84)
dij) _ k(1 - i|)) (1+u) -gi|;9 ' -Kua9-n^
i f  - a9
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 ^( vii/Cf-l) ^+avd(5^-2)+av\iH-an  ^-
= -WKv(3a6 + (^^1)2),
le d  to  a com plete ly  s a t i s f a c t o r y  s o lu t io n  which met the  
boundary c o n d it io n s  a t  the  t r a i l i n g  edge o f  the  wave 
(dn/dÇ = 0, 4^1).
The r e s u l t s  were extrem ely s e n s i t i v e  to  and Vq.
Vo i s  th e  measure o f  charge in  f r o n t  o f  the  wave; th e  more 
e le c t ro n s  we have ou t in  f r o n t  o f« th e  wave, the  h ig h er  the  
tem pera tu re  i s  in  th e  shock f r o n t .  Equation (83) shows 
t h a t  because  o f  th e  la rg e  v a lu e  o f  M/m, a sm all change in  
ij^ o w i l l  r e s u l t  in  a la rg e  change in  the  e le c t ro n  tempera­
t u r e  in  the  shock f r o n t .  The r e s u l t s  were n o t  very  much 
dependent on j o ,  b u t  one has to  ta k e  i t s  r e l a t i o n  w ith  i|;o 
and Vo (jo=Vo^o) in to  c o n s id e ra t io n .  For ^^=10"s th e  r e ­
s u l t s  were q u i te  s im i la r  to  th e  case  o f  p ro fo rc e  wave 
moving in to  a non ion ized  medium, w ith  the  boundary condi­
t io n s  o f  (ti=0,iJj=1) a t  the  t r a i l i n g  edge o f  th e  wave. We 
in v e s t ig a t e d  th e  s o lu t io n s  fo r  h ig h e r  v a lu es  o f  ipo> and 
were a b le  to  f in d  s o lu t io n s  f o r  i|;o as h igh  as 5x10"®, a l ­
though f o r  i|jo=5xlO"®, the  r e d u c t io n  in  th e  e l e c t r i c  f i e l d  
a c ro ss  th e  sh e a th  was very  sm all ,  and the  va lu e  of the  
e l e c t r i c  f i e l d  a t  th e  end o f  th e  sh ea th  was very  h igh . 
F ig u re  15 g ives  th e  e l e c t r i c  f i e l d  (n) as a fu n c t io n  of 
d r i f t  v e lo c i ty  (\p) f o r  ij;o=10“ ®, 10"®, 3x10"®, 4x10“ ®, 
5x10“ ®. For h igh  v a lu es  o f  i|)o, th e  so lu t io n s  occur a t
6 4
n
Figure  15. E l e c t r i c  f i e l d  (ri) as a fu n c t io n  o f  d r i f t  
v e lo c i ty  (i(^ ) f o r  a=0.01. Curves (1 ), <=1.2088, 4^=0.32499, 
4^=10-*; (2 ) ,  <=1.21537, 4^1=0.31835, 4'o=10“ ^  (3 ) ,
<=1.5227, *1=0.287, *o=3xlO"®; (4 ) ,  <=1.5986, *i=0.263, 
*0=4x10"®; (5 ) ,  <=1.81216, *1=0.245, *o=5xlO“ ®.
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l a r g e r  k .  For in s ta n c e  in  n i t r o g e n  fo r  a=O.OI, k was equal 
to  1.2088 f o r  ij;o=10"®, ^^=0.32499, Vi=G.022, jo-2xlQ"®, 
and i t  was 1.5227 f o r  i(;o=3xl0“®, ^^=0.287, vi=0.00315, 
jo-10“ “^ . Figure  16 gives the  e l e c t r i c  f i e l d  (ri) and the 
d r i f t  v e lo c i ty  (i|)) as a fu n c t io n  of p o s i t io n  (O  , and in  
F igure  17 the  e le c t ro n  tem perature  (0 ) ,  i o n iz a t io n  r a t e  
( u ) , and the  e le c t r o n  d e n s i ty  (v) a re  g iven  as a fu n c t io n  
o f  p o s i t io n  (C ) .
Comparing F igure  16 w ith  F igure  9, one can see t h a t  
the  sh ea th  i s  longer in  th e  case  o f  th e  p ro fo rc e  waves 
t r a v e l in g  in to  an io n ized  medium, than  when p ropaga ting  
in to  a nonion ized  medium. Also in  th e  former case th e  
tem pera tu re  i s  ve ry  h igh a t  th e  lead in g  edge o f  the  wave, 
which i s  as expected.
p2A1.6 2.8
Figure  16. E le c t r i c  f i e l d  (n) and d r i f t  v e lo c i ty  (jp) a s  a  
fu n c t io n  o f  p o s i t io n  ( O  f o r  a=0.01 a t  4^=3xlO"S, iii=0.2S7, 
k=1.5227, Vj = 0 . 00315.
s. 10
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F igure  17. Temperature (6 ) ,  e le c t r o n  d e n s i ty  ( v ) , and io n ­
i z a t i o n  r a t e  (y) as a fu n c t io n  o f  p o s i t io n  (Ç) fo r  a=0.01 
a t  *0=3x10-5, <=1.5227, * i=0.287, V i = 0 . 00315. Scale  f a c ­
to r s :  For V d iv id e  y by 10^, fo r  y d iv id e  y by 10%.
CHAPTER VI 
ANTIFORCE AND CLASS I I I  WAVES
The f lu id  dynam ical model i s  th a t  o f a p lan e  wave 
which in  th e  la b o ra to ry  i s  p ro p ag a tin g  in  th e  p o s i t iv e  x 
d i r e c t io n  w ith  speed o f  Vo. Remembering th a t  th e  heavy 
p a r t i c l e s  a re  assumed to  be a t  r e s t  in  the  la b o ra to ry , then  
in  a frame where th e  w avefront i s  s ta t io n a ry  a t  x=0 th e  
wave extends from x—0 to  x=-^, and th e  p lan e  x=0 d iv id e s  
th e  gas in  f ro n t  o f th e  wave from th e  th re e  component gas 
composed o f th e  e le c t ro n s ,  io n s , and n e u tr a ls  behind  the  
wave. The p ro p ag a tio n  o f  th e  wave in  th e  la b o ra to ry  i s  
governed by th e  m otions o f  th e  e le c tro n s ;  th e  heavy p a r t i ­
c le  m otions a re  very  sm a ll. In  th e  a n t i f o r c e  waves, th e  
d i r e c t io n  of th e  e l e c t r i c  f i e l d  i s  such as to  cause th e  
average d r i f t  v e lo c i ty  o f  th e  e le c tro n s  to  be away from 
th e  wave f ro n t .  The e le c tro n  f l u id  p re s su re  i s  assumed 
to  be la rg e  enough to  p rov ide  th e  d r iv in g  fo rc e  to  cause 
the  wave to  move down the  tube w ith  th e  observed v e lo c i ­
t i e s .  This im p lies  th a t  th e  e le c tro n  tem p era tu re  must be 
la rg e  enough to  s u s ta in  i t s  m otion d e s p i te  th e  n e t  e le c tro n  
d r i f t  away from th e  w avefron t.
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In  analyzing  th e  p ro fo rce  waves, Shelton^^ found a 
s o lu t io n  w ith  a s tro n g  d is c o n tin u i ty ,  bu t concluded th a t  
th e  equations were incom patib le  a t  the  lea d in g  edge w ith  
such a s o lu t io n  in  th e  a n t i fo rc e  c a se , and th a t  one must 
choose th e  weak d is c o n tin u i ty  c o n d itio n  n i= 0 , (dn/dx) i?^ 0
a t  th e  lead in g  edge o f th e  wave.
28Sanmann began a sea rch  fo r  a s o lu t io n  having a weak 
d is c o n tin u i ty  a t  th e  lead in g  edge o f  the  wave. Expanding 
th e  c o n tin u i ty  e q u a tio n , s e t t in g  n=0 a t  x=0, and assuming 
( 3n/9x) ifO he found a c o n d itio n  on e le c tro n  v e lo c ity  a t  th e  
le a d in g  edge o f th e  wave (v i= 0 ) . In tro d u c in g  th i s  c o n d itio n  
in  th e  P o is s o n 's eq u atio n , he .found th e  i n i t i a l  c o n d itio n s  
fo r  th e  f i e l d  as E=Eq, (9E/3x) i=0. In  th e  case  o f a n t i ­
fo rc e  waves, nondim ensional v a r ia b le s  such as K(K=mVKi/eEo) 
because V<0,Eo>0,K>0, w i l l  be i n t r i n s i c a l l y  n e g a tiv e . In  
so lv in g  th e  a n t i f o r c e  wave case  Sanmann changed th e  s ig n  
o f th e  c o n s tan ts  in  th e  s ta n d ard  p ro fo rc e  equa tion  s e t ,  and 
o m ittin g  th e  energy equation  he used i t  as a s e t  o f e le c tro n -  
f l u id  dynamical equations fo r  a n t i f o r c e  waves. We w i l l  show 
th a t  to  change fo rm ally  from th e  s ta n d a rd  p ro fo rce  form ula­
t io n  by sim ple s ig n  changes o f c o n s tan ts  i s  n o t p o s s ib le .
Assuming the  c u rre n t flow ing in s id e  th e  wave to  be i i ,  
w hether we a re  in  th e  la b o ra to ry  o r  wave fram e, th e  c u rre n t 
in  th e  q u a s i-n e u tra l  reg io n  i s  i i ,  because i t  i s  a conduc­
t io n  c u rre n t in  a lo c a l ly  n e u tr a l  gas. In  th e  wave fram e, 
th e  com position  o f th e  c u rre n t a t  th e  f ro n t  d i f f e r s  from
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th a t  a t  th e  q u a s i-n e u tra l  re g io n , and a ls o  as seen from 
th e  la b o ra to ry , b u t th e  v a lu e  rem ains th e  same because o f 
K irc h h o ff 's  law. In  th e  wave fram e, th e  c u rre n t  a t  th e  
f ro n t  i s  la rg e ly  n e g a tiv e  convec tion , b u t in  th e  la b o ra to ry  
i t  i s  convec tion  p lu s  d isp lacem en t, th e  convection  being  
in c re a se d  by th e  la rg e r  v a lu e  o f  e le c tro n  v e lo c i ty ,  bu t 
c a n c e lle d  ou t by d isp lacem en t. In  e i th e r  case , th e  
v a lue  rem ains unchanged a t  i i .
A lthough our f l u id  dynamical model i s  one d im ensional, 
th e  e l e c t r i c a l  model i s  th re e  d im ensional w ith  r o ta t io n a l  
symmetry being  a c y l in d r ic a l  rod  w ith  charged end. Assum­
ing  th a t  th e  io n iz in g  wave i s  p ro p ag a tin g  in to  a medium o f 
g low -d ischarge  ion  c o n c e n tra tio n , th e  c u rre n t  in  f ro n t  o f 
th e  wave ( io )  m ight be on th e  o rd e r o f 10 A/m^. In  o th e r  
w ords, th e  f i e l d  o f  an i n f i n i t e  p lane  wave could n o t be 
f e l t  away from th e  f ro n t ,  th a t  i s  to  say , our one dimen­
s io n a l  model does n o t app ly  to  th e  f i e l d  i t s e l f .  There 
a re  two reaso n s fo r  such a sm all c u rre n t in  an io n iz ed  me­
dium ahead o f  th e  wave: (1) heavy p o s i t iv e  and n e g a tiv e
ions a t  glow d isch a rg e  c o n c e n tra tio n  can only  c a rry  vlO® 
A/m^ in  a f i e l d  as b ig  as E0^5x10^V/m/Torr; (2) n e g a tiv e  
ions would be s tr ip p e d  in  such a s tro n g  f i e l d .  We must 
th e re fo re  invoke som ething l ik e  th e  in v e rse  square  law to  
reduce th e  f i e l d  ra p id ly  away from the  f ro n t .  The e l e c t r i c  
f i e l d  E a t  a d is ta n c e  r  ahead o f a wave w ith  f ro n t  ra d iu s  a 
and f r o n t  e l e c t r i c  f i e l d  Eg can be c a lc u la te d  from;
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E =  E o  , ( 8 5 )
then  w ith  a~lcm, i o ( i  = e^nE/mK) would be le s s  than  10 
A/m^ a t  a d is ta n c e  o f  1 m eter. Thus th e  in v e rse  square 
law may account fo r  much o f th e  ap p aren t sharpness o f the  
d is c o n tin u i ty .
In  th e  wave frame eN^V^ c a r r ie s  a s u b s ta n t ia l  p o r t io n  
o f th e  c u r r e n t , b u t in  th e  lab  frame i t  i s  a near zero  
p o r t io n . Thus beh ind  th e  wave f r o n t  one has
eNfVi - env = i i  . (85a)
Based on th e  absence o f an ex p erim en ta lly  observed D oppler
s h i f t ,  which in d ic a te s  th a t  n e i th e r  th e  io n s nor th e  neu­
t r a l s  have a p p re c ia b le  m otion in  th e  la b o ra to ry , we can 
assume th e  v e lo c i ty  o f  ions and n e u tr a ls  to  be equal (V\=V) 
S u b s t i tu t in g  V fo r  in  equation  (85a) and so lv in g  i t  fo r
•<1 = | ÿ  + “  f  • (85b)
S u b s t i tu t in g  th e  above ex p ress io n  in  th e  P o is so n *s equa­
t io n  o f th e  form (19):
a s  = + % v  - • (86)
One can w r i te  th e  o th e r  th re e  e le c t r o n - f lu id  equations in  
th e  form:
^  (nv) = gn , ( 8 7 )
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^  {nmv(v-V)+nkTg} = -enE - Kimn(v-V) , (88)
, k^nT dT
g^{mnv(v-V) ^+nkTg(5v-2V)+2e(j)^nv - 5 — g^}=-2enE (v-V ).
(89)
We must be very  c a re fu l  about in tro d u c in g  d im ension less 
v a r ia b le s  in to  th e  a n t i f o r c e  case . Let n=av, v=ViJ;, T^=b6, 
E=nEo, x=-cÇ, where a ,b ,c > 0 , and v, ij;, 6, n, C>0. Assuming x 
to  be p o s i t iv e  forw ard , then  in  t h i s  case  Ç would be p o s i­
t iv e  backward. In tro d u c in g  th e  above d im ension less v a r i a ­
b le s  in  eq u a tio n s (86 -88 ), one has :
^  (V*) = - ^  , (91)
{vij)(4)^ { v ) ( 4 ) - l ) + v e r - ^ ^ | |- ,} - ^ ^ v n + c ^ v ( i j^ - l )  . (92)
I f  we w ish our eq u a tio n s to  be in v a r ia n t  from th e  p ro fo rce  
case  in  a lg e b ra ic  form, then  fo r  a n t i fo rc e  waves,
ceEo = ^  = -K ,mV^  ^ ' V  ^ ’ lëÿT  = 1 .X
The above e x p re ss io n s  r e s u l t  in
S ince fo r  a n t i f o r c e  waves Eo>0, and V<0, then  c and k bo th  
would be n e g a tiv e . But t h i s  c o n tra d ic ts  our d e f in i t io n  of 
c , which was d e fin ed  p o s i t iv e !  I t  i s  c o n s is te n t  only  fo r  
p ro fo rc e  waves where Eo<0. T h ere fo re , we must l e t  c be
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equal to  mV^/eEo, and K=-mKiV/eEo, so th a t  now bo th  c and 
K w i l l  be p o s i t iv e .  S u b s t i tu t in g  th e  v a lu es  o f c and k in  
eq u a tio n s  (91) and (92) g ives
= Kyv , (93)
^{vi|;(i|)-l)+av0} = vn-Kv(ij;-l) , (94)
where y=3/Ki>0 and ot=2e(|)^/mV^. S u b s t i tu t in g  mV^/eEo fo r  c 
in  P o is so n ’s e q u a tio n  (90 ):
d |  "  e e f l i le ^ T  •
S u b s t i tu t in g  k fo r  - m K j V . / e E , o , ,  s e t t in g  a2e(|)^/e^Eo = 1 in  th e  
above e x p re ss io n :
I ( * - 1 )  +  " i T E t l T  •
I f  we re p re s e n t  ii/soE oK i by i , th e  above eq u a tio n  becomes:
^  ~ " a • (95)
From a2e(})^/eoEo = 1, one can so lv e  fo r  a:
_  % £ dE §
^ -  e*. ■
where a i s  th e  r a t i o  of' th e  e le c tro m ag n e tic  energy d e n s ity  
to  th e  energy re q u ire d  to  io n iz e  one atom, o r  in  o th e r  words 
i t  i s  th e  number o f th e  atoms which cou ld  be io n iz e d  w ith  
th e  d isc h a rg e  p o te n t i a l .  Using th e  v a lu es  found f o r  a ,b , 
c,K in  energy e q u a tio n  (89 ):
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Hav6(5t{j-2)+avi|; -  ^ } -2 v r i(  t |j- l) . (96)
Now l e t  us look a t  the  s ig n  problem  in  Ç ag a in . Sup­
pose we decide to  have n=av, v=Vijj, T^=b0, E=pEg, x=cÇ w ith  
a ,b ,c> 0  and 0,n>O- T herefo re  Ç has to  be n e g a tiv e  b e ­
cause X i s  n e g a tiv e  : i . e . ,  we a re  going to  in te g ra te  th e  
equations backwards. In  the  l a t e s t  form o f th e  nondimen­
s io n a l  v a r ia b le s  th e  e le c t r o n - f lu id  equ atio n s fo r  a n t i fo rc e  
waves become :
^  (v^) = -Kyv , (97)
I f  = ^  (*-1) - <i . (98)
^  { v ^ ($ -l)  + av0} = -VTi + K v(^-l) , (99)
A { # ( ' f - 1 )  "+av0(5,|,-2)+av* - |f } = -2 v n (^ - l)  , ( 100)
where we have s u b s t i tu te d  K=-(mVKi/eEo), c=mV^/eEo, 
kb/2e(j)^ = 1, a(2e(j>^/eoEo^)=l, a=(2e(j>^/mV^), in  the  above 
ex p re ss io n s . In  equations (97-100) a l l  q u a n t i t ie s  b u t C 
a re  i n t r i n s i c a l l y  p o s i t iv e ,  in c lu d in g  k .
The e le c t r o n - f lu id  equ a tio n s fo r  th e  case  o f p ro fo rc e  
waves, w ith  Ç p o s i t iv e  backward a re :
^  (vip)  = K y v  , (101)
I f  = I  (’i '- l)  . (102)
^  (v ^ (^ - l)  + av0} = -vy - K v(^-l) , (103)
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^+a9(5ip-2)+a'vijj - — 2vri(4'“ l )  . (104)
To change form ula from th e  s tan d ard  p ro fo rc e  fo rm u la tio n  
we assume prim es on a l l  above q u a n t i t ie s ,  and s e t  k= - k ' ,  
Ç=-Ç'. As one can see  th i s  a c t io n  does n o t produce e i th e r  
s e t  (97-100) o r s e t  (93-96) o f  th e  e le c t r o n - f lu id  equations 
in  th e  a n t i f o r c e  case . T here fo re , we a re  d o u b tfu l about 
some a sp ec ts  o f Sanmann' s work.
I f  we in c lu d e  th e  e le c t r o n s ' h e a t lo s s  term  in  t h e i r  
d i r e c te d  m otion (m/M)nKim(v-V)^, and e le c t r o n s ' h e a t lo s s  
term  in  t h e i r  random m otion (3m/M)nKikTg, in  th e  energy 
eq u a tio n , th e  s e t  o f e le c t r o n - f lu id  eq u a tio n s  in  th e  a n t i ­
fo rc e  case  w ith  Ç p o s i t iv e  backward w i l l  become :
= Kpv , (105)
~ ($-1) + Ki , (106)
^  { v ^ (^ -l)  + av9} = vri - Kv(ifj-l) , (107)
+ av0(5i|^-2) + avijj -
= 2 v n (^ -l)  - WKv(3a6 + (ij)-l)^) . (108)
In  so lv in g  th e  a n t i f o r c e  case  problem  we w i l l  use th e  s e t
o f  eq u a tio n s (105-108), where a l l  q u a n t i t ie s  in c lu d in g  < 
a re  i n t r i n s i c a l l y  p o s i t iv e .  W riting  th e  momentum equation  
(107) as a d i f f e r e n t i a l  equation  fo r  s u b s t i tu t in g  fo r  
dv/dÇ and d (v^)/dS  from p ro d u c tio n  eq u a tio n  (105), and
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so lv in g  th e  r e s u l ta n t  ex p ress io n  fo r  difi/dÇ one w i l l  f in d :
#  _ KT|j(l-i|;) ( 1 +y) -  0 ^ 8 ' -  oKpe + /'ino-N
dÇ -  a9 •
Employing th e  P o is s o n 's eq u atio n  (106) in  th e  energy equa­
t io n  (108) i t  becomes:
^{vt|^(<|»-l) ^+av9(5i{;-2)+avi(H‘ari  ^ - - ^}=2aiiK :i-üjfcv(3aé
+(i|;-l)2 ) . (110)
S e ttin g
^  = 2otriKi - wKv{3a0+(i|)-l) , (111)
one can so lv e  th e  energy eq u a tio n  (110) fo r  d6/dÇ:
0  = 5 ^^r^{vilj(i|)-l) ^+av6(5iJj-2)+avi(j+a(n^-l)-W) . (112)
For a n t i f o r c e  waves, the  shock c o n d itio n  on e le c tro n  
tem p era tu re  w i l l  be d i f f e r e n t .  To f in d  th e  e le c tro n  temp­
e ra tu re  a t  th e  shock f ro n t ,  we use  th e  g lo b a l momentum 
e q u a tio n , which in  th e  wave f ro n t  becomes :
mnv2+nkT^-mNV2+M^N^V?+NkT+N^kT^ +^(E?-E2)=MNoVf+NokTo ,
(113)
where ahead o f th e  wave n and a re  equal to  ze ro , V  
equals V o ,  E  equals  E c ,  and N equals N o .  Now e x a c tly  a t  
th e  f r o n t ,  as in  Chapter V  we assume V = V ^ = V o ,  T = T ^ = T o ,  
and E = E o ,  which reduces eq u a tio n  (113) to  :
mnivf + n ik (T g )i + (MN+M^N -^MNo)V  ^ = 0 .
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Using th e  eq u a tio n  o f co n se rv a tio n  o f  p a r t i c l e s  (30) and 
(M-m) fo r  in  t h i s  e x p re ss io n :
mniVi + nkTg -  mN^V  ^ = 0 .
S u b s t i tu t in g  fo r  from eq u a tio n  (85b) a t  th e  wave f r o n t ,  
one has
n iV i(v i-V ) + n i g  (Tg)i - = 0 . (114)
In tro d u c in g  th e  nondim ensional v a r ia b le s  in  eq u a tio n  (114) 
and s u b s t i tu t in g  i fo r  ii/soE oK i i t  becomes:
01 = $ i ( l - ^ i ) / a  - K i/v i . (115)
To f in d  th e  i n i t i a l  c o n d itio n  on W, one has to  ta k e  th e  
same course  o f  a c t io n  as we had p re v io u s ly  in  th e  case  o f
p ro fo rc e  waves, and Wi=a a t  th e  wave f r o n t .
29D eterm ining Ki from experim en ta l curves g ives 
K i/p = 3x10® fo r  helium  and K j/p = 4.8x10? fo r  n i t ro g e n  a t
273°K. At a tem p era tu re  o f  10® Ki w i l l  be 2.4x10® and
9x10® fo r  helium  and n itro g e n  r e s p e c t iv e ly .  A pplied f i e ld s  
a re  u s u a l ly  o f th e  o rd e r  o f 10® V/m; th e  c u rre n t  in s id e  
th e  a n t i f o r c e  waves i s  o f th e  o rd er o f  10®A; and Go i s  
8.85x10"^^ fa rad /m . C onsidering  th a t  E q ,K i,6  in  our f o r ­
mulas a re  sc a le d  w ith  p ( th e  e le c tro n  p re s su re )  and u sin g  
th e  v a lu es  o f  i i ,e o ,E o ,K i one can e s tim a te  th e  v a lu e  o f  \  
which i s  o f th e  o rd e r  o f one.
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Using th e  equ atio n s (105) ,  ( 1 0 6 ) ,  ( 1 0 9 ) ,  ( 111 ) ,  and ( 112) ,  
accep tance  o f an e le c tro n  tem pera tu re  d e r iv a tiv e  ^^ iscon tinu ity  
a t  the  f r o n t ,  and th e  use o f equation  (115) fo r  a shock con­
d i t io n  on e le c tro n  tem pera tu re  le d  us to  a com pletely  
s a t i s f a c to r y  s o lu t io n  in  bo th  cases w ith  and w ithou t c u r­
re n t  in s id e  th e  wave which met the  boundary c o n d itio n s  a t  
th e  t r a i l i n g  edge o f th e  wave.
The r e s u l t s  were n o t very  much dependent on th e  c u r­
r e n t  in s id e  th e  wave. We in v e s tig a te d  the  so lu tio n s  
bo th  w ith  and w ithou t c u rre n t in s id e  the  wave. For the  
case  o f a n t i f o r c e  wave moving in  n itro g e n  fo r  a=0.01 we 
were a b le  to  f in d  a s o lu t io n  a t  <=1.3,  Vi=0 .83 ,  ijji=0.68,
1=2.6. F igu re  18 g ives th e  e l e c t r i c  f i e l d  (n) as a func­
t io n  o f v e lo c i ty  (i^)'. Also fo r  th i s  case  the  e le c tro n  
tem pera tu re  (9 ) , e le c tro n  d e n s ity  ( v ) , io n iz a t io n  r a te  
(u) a re  drawn as a fu n c tio n  o f p o s i t io n  (Ç) in  F igure  20.
For th e  case  o f zero  c u rre n t we were a b le  to  f in d  a 
s o lu t io n  fo r  a n t i f o r c e  waves p ropaga ting  in  n itro g e n . The 
s o lu t io n  fo r  a=0 .01  were found a t  <=1.3 ,  ^^=0.645,  v i =0 . 88 6  
and 1=0.0.  F igu re  21 g ives th e  e l e c t r i c  f i e l d  (n) as a 
fu n c tio n  o f e le c tro n  d r i f t  v e lo c ity  (i|j), and F igu re  22 
g iv es  e l e c t r i c  f i e l d  and v e lo c ity  as a fu n c tio n  o f p o s i t io n  
( 5 ) .  In  F igu re  23 e le c tro n  tem pera tu re  ( 0 ) , e le c tro n  den­
s i t y  ( v ) , io n iz a t io n  r a t e  (p) a re  drawn as a fu n c tio n  o f 
p o s i t io n .
Comparing F ig u re  22 (a n t ifo rc e  case) w ith  F igure  9 
(p ro fo rce  case) one can see a th ic k n ess  o f alm ost th re e
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F ig u re  19. E l e c t r i c  f i e l d  (n) a s  a 
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F ig u re  21. E l e c t r i c  f i e l d  (n) a s  a 
f u n c t io n  o f  d r i f t  v e l o c i t y  ( ip)  f o r  
a= 0 .01  and i= 0 .0  a t  ^ i= 0 .6 4 9 , k = 1 .3 ,
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F ig u re  23. T em p era tu re  ( 8 ) ,  e l e c t r o n  
d e n s i ty  ( v ) , i o n i z a t i o n  r a t e  (y ) a s  a 
f u n c t io n  o f  p o s i t i o n  (Ç) f o r  a= 0 .0 1  and 
1=0 . 0  a t  ^1 = 0 .6 4 5 , k = 1 . 3 , v i = 0 . 8 8 6 .
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F ig u re  20. E le c t r o n  te m p e ra tu re  ( 0 ) ,  e l e c t r o n  
d e n s i ty  ( v ) , and  i o n i z a t i o n  r a t e  (y ) a s  a fu n c ­
t i o n  o f  p o s i t i o n  (Ç) f o r  a= 0 .0 1  and t = 2 . 6  a t  
^1=0.68,  K=1.3 ,  Vi=0.83 .
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tim es la rg e r  fo r  th e  sh e a th  in  th e  p ro fo rc e  c a se , where 
28Sanmann had re p o r te d  a th ic k e r  sh ea th  f o r  a n t i f o r c e  
waves than  fo r  p ro fo rc e  waves.
CHAPTER VII 
CONCLUSION
I t  has been shown th a t  th e  assum ption o f  io n iz in g  
waves being s tead y  in  p r o f i l e  i s  a good assum ption, and 
th e  s e t  o f equ atio n s chosen from among th e  tw elve p o s s ib i ­
l i t i e s  a re  adequate to  o b ta in  a s o lu t io n  fo r  io n iz in g  waves. 
A one-dim ensional theo ry  fo r  d e sc r ib in g  r e a l  two dim ensional 
"waves, heavy Io n  energy and momentum, and energy lo s se s  by 
the  e le c tro n s  o f  o rd er m/M have a th i r d  o rd e r e f f e c t  on th e  
f in a l  r e s u l t s .  The io n iz a t io n  r a t e  and c o l l i s io n  frequency 
in  th e  reg io n  where e l e c t r i c  f i e l d  i s  p re s e n t rem ains sub­
s t a n t i a l l y  c o n s ta n t . The assum ption o f h e a t conduction  
term  being  n e g l ig ib le  has been abandoned, and i t  has been 
proven th a t  i t  i s  e s s e n t ia l  fo r  any s o lu t io n  o f th e  e le c ­
t r o n - f lu id  e q u a tio n s . The concept o f c o n tin u i ty  in  th e  
i n i t i a l  d e r iv a tiv e s  o f th e  fu n c tio n s  must a ls o  be abandoned, 
p a r t i c u la r ly  in  th e  case o f th e  tem pera tu re  d e r iv a t iv e .
There i s  a lso  a d is c o n tin u i ty  in  th e  d e r iv a tiv e s  (weak 
d is c o n tin u ity )  a t  th e  t r a i l i n g  edge o f th e  wave sh ea th , 
between the  sh ea th  and th e  q u a s i-n e u tra l  re g io n .
In  th e  case  o f p ro fo rce  waves p ro p ag a tin g  in to  an un­
io n ized  medium, i t  has been shown th a t  in  th e  sh ea th  p r io r
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to  th e  q u a s i-n e u tra l  reg io n , th e  e l e c t r i c  f i e l d  and i t s  
d e r iv a tiv e  bo th  f a l l  to  z e ro . In  th e  case  o f th e  e le c tro n -  
f lu id -  dynamical waves moving in to  an io n iz e d  medium, only  
th e  d e r iv a tiv e  o f th e  f i e l d  approaches z e ro , and a r e s id u a l  
f i e l d  i s  re s p o n s ib le  fo r  d e riv in g  th e  c u r re n t .
E le c tro n s  a re  th e  main elem ent in  d e riv in g  th e  e le c ­
tro n  flu id -d y n am ica l waves. In  th e  case  o f  p ro fo rc e  waves 
th e  e le c tro n  p re s su re  and f i e l d  fo rc e  a re  bo th  a c t iv e  agen­
c ie s ,  bu t in  th e  case  o f a n t i f o r c e  waves th e  e le c tro n  p re s ­
su re  becomes th e  main d r iv in g  fo rc e  of th e  wave. In  bo th  
cases pro and a n t i fo rc e  waves, th e  e le c tro n s  and heavy 
p a r t i c l e s  come to  r e s t  r e l a t i v e  to  one an o th e r a t  th e  end 
o f  th e  sh ea th .
S helton  b e lie v e d  th a t  e s s e n t ia l ly  a l l  th e  energy o f 
th e  e l e c t r i c  f i e l d  (%EoEo^) goes to  io n iz in g  th e  n e u tr a l  
atom s, b u t our computer s o lu t io n  o f th e  e le c t r o n - f lu id  
equations which meet th e  boundary c o n d itio n s  (n=0,i|j=l) 
w ith in  th e  accuracy  o f th e  in te g r a t io n  s te p  a t  th e  end o f 
th e  wave, show o th e rw ise . Energy i s  a lso  l o s t  in  e l a s t i c  
p ro c e sse s , and does n o t show up in  io n iz a t io n ,  so th a t  v 
does no t reach  u n ity .
From h is  shock c o n d itio n s  on e le c tro n  tem pera tu re  and 
v e lo c i ty ,  S he lton  concluded a minimum v e lo c i ty  c o n d itio n  
(Vo^/Ze^T/m) e x is ts  on th e  s tro n g  d is c o n tin u i ty  s o lu t io n s ,
i . e . ,  to  0<a<l, which had lim ite d  him to  p ro fo rc e  waves.
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The assum ption o f th e  tem pera tu re  d e r iv a t iv e  d is c o n tin u i ty  
a t  th e  wave f ro n t  allow ed a lower range o f  e le c tro n  d r i f t  
v e lo c i t i e s  which have been observed e x p e rim e n ta lly . S ince 
th e  zero  c u rre n t c o n d itio n  re q u ire s  V and v% to  be o f the  
same s ig n , from eq u a tio n  (64) one can have
5(1 + M i)  - /(3  - 5 + 16a > 0 ,
or
0'
0 < a < (1 - 5
W ith p o s i t iv e  v a lu es  o f 6Î, a adm it v a lu es  la r g e r  than  one 
and we were a b le  to  f in d  s o lu tio n s  fo r  v a lu es  o f  a as la rg e  
as 4.
F igu re  24 shows th e  computer s o lu t io n  fo r  th e  wave 
c o n s ta n t k which r e l a t e s  wave v e lo c i ty  to  e l e c t r i c  f i e ld  
fo r  an alm ost a r b i t r a r y  gas p laced  a g a in s t  a background o f 
d a ta  taken  by B la is  and Fow ler, and S c o tt and Fowler in  
th re e  g ases , helium , argon and n itro g e n . The d a ta  seems 
to  s c a t t e r  co n s id e ra b ly  about th e  th e o r e t i c a l  cu rve , bu t 
ta k in g  th e  d i f f i c u l t i e s  in  th e  measurements ( e s p e c ia l ly  a t  
th e  h igh  v e lo c i ty  end o f th e  range where th e  s c a t t e r  i s  
w o rs t) in to  c o n s id e ra tio n , th e  agreem ent i s  v e ry  good. By 
u sin g  K = mKV/eE as th e  o rd in a te  th e  m ajor dependence of 
th e  d a ta  has been taken  o u t. This has been d o n e-fo r sim­
p l i c i t y  o f  com parison, b u t i t  lo se s  most o f  th e  f la v o r  o f ex­
c e lle n c e  o f th e  agreem ent w ith  th e  experim en ta l d a ta . The un­
compressed v e rs io n  where v e lo c i ty  i s  p lo t te d  sim ply a g a in s t
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e l e c t r i c  f i e l d  can be seen in  th e  o r ig in a l  work o f S c o tt, 
a lth o u g h  i s  n o t as s t r ik in g  as i t  could have been be­
cause a t  th a t  tim e th e  computer so lu tio n  was no t a v a i la b le .
I t  has been shown th a t  the  waves moving in to  an io n ­
ize d  medium have d i f f e r e n t  s t r u c tu r e  than  they  possessed  
w hile  moving in to  a n on -ion ized  medium. The s t r u c tu r e  o f 
th e se  waves depend very  much on th e  ion  speed and concen­
t r a t i o n  in  f ro n t  o f  th e  wave.
In  th e  case  o f th e  a n t i - f o r c e  waves we have shown th a t  to  
change fo rm ally  from th e  s tan d ard  p ro fo rce  fo rm u la tion  by 
s ig n  changes o f c o n s ta n ts  cannot be done. The new form o f the  
e le c t r o n - f lu id  eq u a tio n s w ith  accep tance o f  an e le c tro n  
tem p era tu re  d e r iv a t iv e  d is c o n tin u i ty  in  f ro n t  o f th e  wave 
le d  to  a com plete ly  s a t i s f a c to r y  so lu tio n  which met the  
boundary c o n d itio n s  w ith in  th e  accuracy o f th e  in te g ra t io n  
s te p . These waves a re  shock a n t i fo rc e  waves r a th e r  than  . 
th e  weak waves d esc rib e d  by Sanmann.
A lthough th e  p robab le  a p p lic a t io n  o f the  th eo ry  of 
th e  e le c tro n  f l u id  to  l ig h tn in g  has been obvious ever 
s in c e  i t  was proposed by Paxton and Fow ler, th e  d e f ic ie n ­
c ie s  o f  th e  only  s o lu t io n  o f the  complete equation  s e t  
a v a i la b le  dep rived  th e  Oklahoma group o f th e  confidence w ith  
which they  m ight o th erw ise  have espoused th i s  th eo ry . Now, w ith  
th e  su c c e s s fu l  com pletion o f th e  num erical so lu tio n  we b e lie v e  
th a t  th e  prom ise shown by th e  graph p re sen te d  by Fowler and 
S c o tt ,  in  which i t  was p o s ite d  th a t  th e  l ig h tn in g  phenomena
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as w e ll as o th e r  f a s t  e le c tro n  breakdowns a re  a l l  c o n s is te n t  
members o f th is  e le c tro n  a c o u s tic  wave fam ily , has been 
borne ou t as to  be expected , and th a t  f u r th e r  e f f o r t s  to  
use  th i s  th eo ry  i s  developing  b e t t e r  models o f  th e  l i g h t ­
n ing  column w i l l  be p r o f i ta b le .  As a p p lie d  to  l ig h tn in g  
i t  should  tak e  i t s  most s im p lif ie d  form
 ^ s  ■
where < i s  g iven by th e  th e o r e t i c a l  curve in  F igu re  24, and 
th e  e l e c t r i c  f i e l d  a t  th e  wave f ro n t  i s  known.
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A b s t r a c t
A method is presented for averaging the ionization cross section over the 
electron energy distribution with due allowance for the curvature of the trajectory 
which becomes an important factor in strong electric fields whether or not the 
distribution is Maxwellian. The ionization rate is then found to depend on the 
electron acceleration, mean velocity, and temperature as independent parameters. 
This theory has proved to be essential to an exact solution of the equations for 
electron wave breakdown, and can be successfully applied to the data on swarms in 
strong fields.
Introduction
Treatments of the discrepancy between the results of experiment in strong 
electric fields and the ionization rates obtained by averaging over a Maxwell 
distribution of electrons generally assign the entire correction to the distribution 
function (1,2), and highly sophisticated electron distributions have been devised 
both empirically and theoretically on this premise (3). In this approach the 
electron's path between collisions is implicitly assumed to be rectilinear. In fact, 
in strong electric and magnetic fields it is highly curved, and even returns on 
itself in many cases. Recognition of this fact has permitted a rigorous derivation 
of the Bohm diffusion coefficient (4), and an analysis of the mobility of electrons 
in strong fields (5). The success of these analyses has prompted this extension to 
the calculation of the ionization rate in a strong field. In particular our own 
motivation has been to have an analytical expression which could be introduced in the 
electron fluid equations for electron breakdown waves to replace the assumption 
necessary to the approximate solutions obtained by Shelton (6) that this rate was 
constant throughout the wave.
General trajectory theory of an inelastic process
Let the electron begin its trajectory as in Fig. 1 with a speed Vq  ^ at a polar 
angle 8^. Let its speed be zy and its angle be 6^ prior to the terminal collision.
If we consider trajectories of the same kind which end in a volume dAdz, then 
they will all have begun in a volume of the same size and shape, since each corner of 
the two volumes is connectable by parallel rigid displacements of the basic 
trajectory.
From kinematics.
V sin8 = y»sin0« (1)0 0 J J
VqCos^ q+ ^  t  = Vj,cosQjf (2)
- 2 -
Drift velocity is an essential factor in the electron distribution in an 
electric field. As a result of it, the longitudinal component of velocity UjCos8j 
includes a contribution which is absent from the transverse component. Let this be 
V, Then the appropriate expressions for the trajectory equations in terms of a 
distribution of initial velocities u, 6 (which is assumed to be isotropic in a drift- 
free frame of reference) are
wsinO = u^sinGj = zysin8y (3 )
eEmcos8 -I- V + t  = y«cos8 n m I T (4 )
We now desire to compute the number of inelastic collisions per unit volume and 
time. We choose the volume dA(VjfCOsQ)dt at the end of the trajectory, and a similar 
volume at the head, and determine the number of times that targets in the former are 
exposed to projectiles that are in the latter, over the interval during which the one 
volume passes through the other. It follows that
number of inelastic 
collisions per unit 
volume and time
number of projectiles 
participating in 
the collisions
effective time of 
exposure of targets
fractional target 
area presented 
to projectile
collision
volume
(5 )
Separately these concepts break down to
number
projectiles
participating
number of projectiles 
of appropriate velo­
city in volume identi­
cal to collision volume, 
but at head of trajectory
probability that 
these projectiles 
joined the distri­
bution in the ini­
tial volume and 
not further 
back
probability 
that they 
survive with­
out collision 
for their full 
trajectory
(6)
- 3 -
number of targets area presented
per unit volume by each target
at end of x for inelastic x collision
fractional trajectory process volume
target »   (7)
area face area of collision volume
projected onto velocity flux plane
The effective time of exposure is the thickness of the collision volume divided 
by the velocity component in that direction if the computations of projectiles 
participating and of fractional target area are made as above sweeping them up 
onto the face of the collision volume. This is simply the time dt » The alternative 
is to consider the time from initial melding of the projectile volume with target
volume to their final separation. This will be twice as long, but in this interval
and in this same collision volume an equal number of extra collisions will occur from 
the uncounted projectiles that lie ahead and behind the projectile volume.
Analytically these expressions evaluate to give
 ^' (iV) (o^) i dAv^dt  cos Qp
\ dni v )] )(e ^ { d A v j i t c o s B  ) (dAcoad )
dn _ o________0_______________ / J_____________J_________
dt  i d t ) • i dAv^dt  cos Qp ( 8 )
To obtain the ionization rate the integration must proceed over all three styles of 
trajectories that the final velocity permits those electrons which pass through the 
collision volume to possess. The total elastic cross section and the inelastic cross 
section are o and respectively. The element is the trajectory length along 
which the trajectory entering collision occurred. At the head of the trajectory d^^  
= Vf ^t * The element dK lies at the terminus of the trajectory so that d% ■ vdt*
In terms of a general distribution fraction, dniVQ) becomes nf{vQ)dvQ, and since 
dn/ dt = 0M, we can express the rate of ionization 3 as
2. ♦
3 = fi? 0 dw^. (9)
- 4 -
Thls is the basic formula sought. We now turn to evaluating it for use in strong 
fields.
Ionisation in a strong field with independent drift velocity
To this point one may use the distribution function of his choice, although 
purists in the evaluation of distribution functions would need to involve the 
expression above in the evaluation itself. To progress analytically, we assume as in 
the two previously cited trajectory method papers that the distribution of electrons 
in the drift frame is isotropic, and can be described by the speed u and polar angle 
6 . Moreover, to obtain a practical expression for g, we will make use of the 
empirical fact that in the case of even moderate electron energies, the elastic cross 
sections hehave as , and will Introduce a(v)  -  Oq/ v , For helium, Oq » 6.81 x 10 ® 
cm^/sec.
We make a change from g to t momentarily, with = v ^ t  and d% = v d t , so
6 <^ 0 ( 10)
H e r e = 2.41 x 10^ sec"^ for helium. The limits of this integral are 
fictitious, as a result of the discontinuity in .
0 Vf < H  ( 11)
-  f 1
In velocity space we have axial symmetry, so azimuthal integration is 
immediately possible. We could now introduce the isotropic variable set (w,8 ,t), but 
another choice is superior because its limits are not interconnected. It is the 
cylindrical system yje*. We first substitute (u^ ,, u^ ) for (w,0).
m o /o » » « / 2kT -Kt
® ^ d t  (1 2)
- 5 -
The limits, although no longer interconnected, are only nominally those given, and 
must be discussed below. For the change of variables from t  to Vj> we have
vj. = u2 + (u^ + at  + V)^ (13)
gg
where V is the electron fluid velocity, and a -  — . The t  to transformation is 
the equation of a cone in the space. Then the ranges of and are
< 00 (14)
0 < Up <Vj,  (1 5 )
For Wg. there are two additive ranges or branches on which encounters are possible at
the terminus: those trajectories on which the projectiles, colliding finally on a
left to right course, may have originated on either the left or right hand sides of
the control surface accordingly as the free parabolic trajectory is followed back to
its starting point; and secondly, those trajectories which originate on the right,
and the collision is made at the crossing from right to left. In the Vq , Qq , ^  system
the first are both parts of the range of 0y.> ir/ 2  and the second are for 0^ < ir/2 .
1/,
Then for the first range, -<» < < (y^ - u2) ^ + u +V) f a ,  And for the second range,
-»< <- (y^- - V and t * - ((y^ - u2)^2+ u •W )la , The integral
thus proceeds from the inside of the cone on path A, as in Fig. 2, to for the 
first trajectories, and from the outside to -» for the latter, as on path B.
Now it is expedient to shift to y^ - u2 = «2 in place of u. Then u2 = + a t
•f 7 ) 2  so that v ^ v -^ = w d t;  -udu = wéû. The new ranges of integration are
0 < w < Vjf ( 16)
w — — V
- 0» < Ujp < w-7 matching with t   --  ( 17)
-Ü ~ -  7
- = < « _ <  -w-7 matching with t    ~ —  ( 18)
—6—
Introducing the variables and limits into the expression for B,
ÏÏI . K —w—y — ~l7t( v i  /TiT
B  )3'2 —  J du^e / dwe
2nkT d  -«» 0
V f w-V -m u ^2 kr  m (v l ^ ^ ) / 2 k r  
+ 1“ I / du^^ dwe
V i V i  0  -o.
K ( - vh-u^+V)/T<T 
. . . { o iV j^ ^ f  dv^ . (19)
where we have further chosen to set the distribution Maxwellian. Rearranging 
integrations,
m ^ -  mi/21<T
B =2irff( )3^2 _  g(^X/dJy J* jfyg o^yf...
2irW d
Now, by letting in the second Integral the whole can be thrown into the form
m I  ^ , ~mi/2kr Vf (rm^/2l<TMXw/a)
B = 2n^(--- )3'2— 0^/<ï dVfe (Sivi f  dwe
2itkr a Vi ~Vj>
2
- 7 -
Introducing dlmenslonless variables,
OTOJ m z mo%
  = X I  , --------  yZ ,  —  = 2 2 .  (22)
2kr 2kT 2kr
and dlmenslonless constants
/I, / & -  y = g, r, and (23)
then
00
3 “ 6£7 / z2g^ j" (25)
Exact Integration over y Is possible by letting x = s -y -B , Then
Q i g - (  Z -8 + B )  Q - (  Z—8+ B)^-^^2C ( 8 —B)
Let 3-B = u . Then
6 " 4 ; ;  (2?)
There appears to be a pole at w=0, but It Is only a pseudopole because the 
numerator of the Integrand also vanishes. When B > 0 , the Integration avoids u=€ 
anyway. When B > 0 , let w = -w. Then
—8“
“ = V 2 / "  g ^^g-2gu (28)
4 t  5 M
When B ^ Of Che integration passes through the pseudopole and must be watched 
carefully. When 5 < let g » -Igl, y = _y.
2 2 Q - ( z - u )  _
* V2 /  d z ( z ^ ^ " )  /  -----------— -----  du,e~^^^ (29)
*<’  ^ '  - | s |
Because of the factor exp(^2Cu) both Integrals are convergent.
To understand the integration of this expression we explore the location of the 
maxima of the Integrand.
F »    jg-2Af(30)
p is the difference of two terms of which we need examine only the first term, 
remembering that for 3 <
It will be shown below that
2 2
•^ 0  ( - ^ - 1) (31)
> 1 ^ 4
where e < 1 is an excellent approximation to the ionization cross section for these 
purposes, yielding
. 2 2 
^  ■ ^2+ c) 2 + ( 2  _A jfu-z) -  0.(32) 
®2
From this the equation for the maxima at constant u is
( 1+ c)au = 3 -  2 2" (33)
3 = 4
- 9 -
This expression describes a ridge with a declining crest, asymptotic to z = A for 
u to and to the line z  = u  a s z  ■*■ <*>, The crest drops as expf-BCu), For constant z  
the maxima are along the curve
1
z = u + C + —  (34)
2u
Diese results, and the domain of integration are depicted in Fig. 3.
Evaluation of the function is best made directly from the double integral in the
Zj u form, and a Fortran IV program has been written to carry it out. Samples of the
result for helium are given in Figures 4 to 6 . The only peculiarity of the program 
is an algorithm to begin the integration of each vertical strip close to the ridge, 
and to stop just beyond it to avoid immense numbers of zero Increments.
Eaqtlrical cross section functions
Tate and Smith (7) and Rapp and Englander-Golden(8) have measured ionization 
cross sections for a wide variety of gases. Considering how old the former 
measurements are, they are in remarkable agreement with the latter recent ones, and 
lend confidence to the uses to which they have been put over the years. The 
discrepancies can be reduced even further by use of the empirical functions presented 
in the previous section, which tend to show quite conclusively that they differ by 
scale factors that can no doubt be traced to inaccurate pressure measurements in the 
Tate and Smith data, and by small threshhold offsets which are present in both works,
but are considerably larger for the former. Wannler (9) has shown that it is
theoretically to be expected that near the threshhold ionization yield varies as 
about the 1.127 power of the excess energy. Beyond this however one finds that if X 
is the ratio of electron energy to the ionization energy, W/W^, and %-l is used as 
abscissa, and the product of X and the collision probability as measured by the 
authors is used as ordinate on a log-log plot, an extraordinary fit is achieved from
—10—
only slightly above threshhold to four or five times the ionization potential. That
is to say again, can be fitted by
« A (W/W^-1)” W^/W (35)
In fact if accuracy commensurate with the Tate-Smith cross sections is adequate, with 
a slight sacrifice of the fit at the lower energies, all the data on a log-log plot
can be fitted with a single straight line within the experimental error. With the
HE-G data, however, a second range of linearity is usually noticeable between about 
three and six times threshhold, and above six times threshhold, the Born 
approximation theoretical logarithmic form
P^ = C in (b W/W^) (W^/W) (36)
agrees elegantly with the RE-G data, and is some improvement for the Tate-Smith data 
over the fit to a single power of (%-l). This power law approximation was applied by 
the author some years ago (1 0), and a similar but somewhat more complex single 
fitting function has recently been reported independently by Green, Jackman and 
Garvey (11). Jackman, Garvey and Green (12) h$ve also made new measurements of the 
various cross sections but the numerical values were not published and are not
available for comparison. The constants for the piecewise continuous power fit are
given in Table 1. They give a fit to the Rapp and Englander-Golden data which is
generally better than ±1%, and have proved very useful to us in ionizing wave
studies. A sample of the quality of the data fit is given in Table 2. The RG-E data 
have been converted from cross sections to ionization probabilities by multiplying by 
3.112.
The ionization potentials indicated by the best fit to the power law are 
slightly offset from the generally accepted spectroscopic values by amounts of the 
order of . 1  volt, but are variable with the nature of the gas in a manner which 
suggests differences in contact potential. Only the complex molecules NO, CO2 , and 
N2O, whose ionization potentials do not seem to be well known, show large
- 1 1 -
discrepancles, some of which are no doubt attributable to their large
electronegativeness. This interpretation is strengthened by the few cases of
Tate-Smith data which are extensive enough at low energies to permit an estimate. 
Since their apparatus would have employed different materials, different contact 
potentials would be anticipated. These results are summarized in Table 3. Small 
pressure discrepancies also exist between the two data sets, on an average about 5%,
but more seriously, for many of the Tate-Smith curves, especially in gases like argon
which are partially condensible at liquid air temperature, the pressure seems likely 
to have varied by as much as 10% over the duration of the experiment. Another 
probable factor accounting for the disagreement of order 2 0% at large energies is a 
systematic change of collector efficiency as the beam field penetrated the collector 
in the Tate-Smith apparatus.
Application to ionizing waves
The ionizing waves present in electrical breakdown of a gas form a particularly 
interesting situation in which to apply the trajectory calculation of ionization rate 
because the three parameters which govern the rate, namely temperature (random 
velocity), drift velocity (directed velocity), and electric field (acceleration) are 
independent of each other because of the electron shock which leads the wave, and are 
related only through the differential equations of balance for the electron fluid. 
Shelton (6 ) derived these equations some years ago, but was only able to solve them 
under the assumption that the ionization rate was constant through the vitally 
important sheath region of the wave. Nevertheless, this severe assumption led to 
predictions of wave velocity dependence on driving field which were in excellent 
agreement with observations. When the system of equations was first attacked with 
numerical integration, the natural thought was to use the usual average of the 
ionization cross section over a thermal distribution of electron velocities, with the 
resulting Arrhenius type function. It was immediately apparent that the low electron
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temperature at the Immediate leading edge of the ionizing wave could never produce 
ionization fast enough to bring the wave into being in the lower range of wave 
velocities. When, however, the trajectory theory was incorporated into the solution 
code, a complete solution of the equations was obtained which fitted better with 
experiment than any previous effort, and automatically gave an ionization rate that 
was nearly constant through the sheath (14). A sample of this calculation is given 
in Fig. 7, and values of the electron mobility form-factor defined as
K » (mV/eE)K (37)
by Shelton as characteristic of the wave process are given in Table 4. K is  the 
momentum transfer collision frequency.
The relation between the wave quantities and the constants of the ionization 
integral can be found by the following reasoning. Shifting from the laboratory frame 
to the wave frame, moving at speed W, the electron fluid velocity becomes
V' = V -  W (38)
The ionization Integral parameter B is determined by V and is therefore
B - (ü' + W(m/2kï) (3 9 )
The parameters A and C are defined as before.
Application of trajectory ionization to swarms
The swarm ionization process lies at the other extreme from the wave process, 
and yet they are intimately related because the former goes over into the latter if 
the field is strong enough and the course is long enough. In the swarm process there 
is a steady or at worst a slowly changing state prevailing, in which the three 
parameters governing ionization are interrelated. Temperature and drift velocity 
(whenever the field is strong enough for it to be important) are directly determined 
by the electric field, and these relations can be both calculated and measured. The 
drift velocity V in the laboratory frame is now related directly to the ionization 
Integral parameter B by the expression
B « (m/2kT)^ /Zy (40)
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The parameters A and C are unchanged in definition, but are now interrelated by their 
common dependences on E/p < Both of these quantities are plotted in Fig. 8 . The 
theory of noble gases is especially simple and accurate, but the example chosen here 
for detailed study, nitrogen, is notoriously difficult at low energies because of the 
unsatisfactory knowledge of the rotation and vibration cross sections. The vibration 
cross-sections of Engelhardt et al. (23) and the excitation cross-sections of Stanton
O
and St. John (24) were included, but the former was unimportant above E/p of 10 
v/m/torr. Excitation made a difference of 100% in the mid range of the temperature 
curve, and considering the outstanding agreement of the trajectory theory above E/p 
of 1 0 ,^ it is probable that the remaining 25% discrepancy below that point is a 
result of including only the four excited states for which measurements are 
available. In fact, if it is assumed that the state has a cross section like
that of the c \ , 1/3 of the needed correction is achieved. The result of using a 
Maxwell distribution under the usual assumptions of straight line paths at constant 
velocity between collisions is also shown as broken curves. The trajectory approach 
is much nx>re significant for temperature than drift velocity.
In Fig. 9 the result of calculating Townsend's a /p is given. To obtain it 
from g , the velocity of the current which would be measured in a Townsend 
amplification measurement is needed. This can be calculated by the trajectory method 
also (5). Again the lower values of E/p are strongly influenced by excitation, but 
the agreement is excellent in the higher ranges for which it is intended, and agrees 
with Harrison (1956) over all his range. It is not evident that the result could be 
improved if the electron distribution function were also altered.
Conclusion
The ionization cross section varies rapidly along the trajectory of an 
accelerating electron in a strong field, and cannot be treated as constant over this
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flight as is generally done in Boltzmann equation theory. An attempt has been made 
to incorporate this variability and the additional factor of non-rectilinearity in a 
closed form expression for the ionization rate. This has seemed to be successful in 
the two or three cases to which it has been applied.
TABLE 1
Fitting Constants
Gas W Al " 1 Transition
X
^ 2 " 2 Transition
X
C b
He 24.472 1.6852 1.1715 2.189 1.732 1.0126 3.72 6.604 .5509
Ne 21.402 1.8727 1.1835 2.968 2.349 1.1835 6.28 23.75 .3200
Ar 15.686 14.456 1.2855 1.990 14.400 .8922 6.25 61.20 .4561
Kr 13.924 17.895 1.3053 2.293 19.586 .9497 7.06 107.17 .3653
Xe 12.092 21.796 1.1863 2.434 23.734 .9504 7..06 169.09 .3083
CO 13.5 7.292 1.634 1.205 8.188 1.2047 5.79 78.87 .3249
« 2 15.461 4.741 1.0184 3.180 5.630 .7979 5.96 15.06 .6418
11.95 1.0319 1.8738 4.167 6.291 1.2904 7.39 102.80 .2571
N2 15.311 6.8475 1.4265 4.306 13.779 .8404 10.39 66.59 .3746
CO2 13.029 7.262 1.594 1.269 9.116 1.2692 6.60 121.38 .2819
NgO 1 2 . 1 1 1 8.333 1.530 2.392 8.980 1.3065 6.59 131.12 .2792
NO 8 . 0 0 6.40 3.40 1.701 3.31 1.545 6.3 142.53 .2154
CH4 12.897 14.453 1.565 2.078 15.036 1.0400 5.66 94.04 .3728
» 2 15.484 5.282 1.1018 1.780 5.1069 .9652 3.27 15.68 .6120
SF6 14.998 13.693 2.271 2.232 16.738 1.3094 6.96 246.96 .2755
Ln
I
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m M  2
Fitting Comparison, Helium Ionization Efficiencies (Ion pairs/cm)
Energy 
(Nominal, ev)
Efficiency 
(Experimental RE-G)
Efficiency
(Fitted)
Efficiency
(Experimental
25 .018 .018 . 0 2 2
25.5 .040 .039 .045
26 .062 .061 .069
26.5 .083 .084 .092
27 .107 .107 .114
60 1.027 1.031 1.025
70 1.136 1.135 1 . 1 1
80 1.217 1.215 1.178
2 0 0 1.226 1.216 1.149
500 .793 .783 .728
800 .582 .584 .530
1 0 0 0 .498 .503 .448
2 0 0 0 -- .306 .26
4000 — .181 .142
- 1 7 —
Table 3
Ionization Threshholds
Gas Ionization 
Potential (13)
Ionization 
Threshhold (R-EG)
Difference Ionization 
Threshhold (T-S)
He 24.380 24.473 .107 24.375
Ne 21.559 21.402 .157 21.03
Ar 15.755 15.686 .069 15.2
Kr 13.996 13.924 .072
Xe 12.137 12.092 .045
« 2 15.427 15.461 -.034
N2 15.576 15.311 .265
° 2 12.063 11.95 .113
CO 14.013 13.5 .513 . 13.67
CH^ 12.99 12.897 .093
NO 9.5 (9.25*) 8 . 0 0 1.5 9.07
COj 14.4 (13.79*) 13.029 1.371
° 2 15.46 15.484 .024
NgO 12.894 1 2 . 1 1 1 .783
S^ 6 14.998
*Watanabe et al. (15)
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T^ble 4 
Wave Constants for Helium 
Dlmenslonless energy Monentum loss rates
ratio (e^^/mV } ratio to electric force, <
,0001 1.410
.001 1.310
.01 1.303
.1 1.200
.25 1.000
1.0 .770
2.0 0.673
4.0  0.560
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Captlons
Fig. 1. Geometry of collision process, g is measured backward from/ to o along 
the free trajectory.
Fig. 2. Phase space geometry of the integration and variable changes.
Fig. 3. Topology of the domain of integration of the final integral. A roughly
Gaussian wrinkle of exponentially declining amplitude runs from teh origin 
to infinity between the lines 2 and U. Vertical traverses find the maxima
on curve Ü, horizontal on curve Z. The geometrical significance of the
constants A, B and C in defining the range of integration is depicted.
Fig. 4 Ionization frequency 6 as a function of scaled electron
temperature 0 kT/2e (p^, with scaled field n = eE/nikV^^ marked on each ?.
curve. Entire figure is for electron drift velocity”y = 17^ == (2e
Fig. 5 Same as Fig. 4 except that v = 0 ,
Fig. 6 . Same as Fig. 4 except that v - -F^.
Fig. 7 Result of integrating the electron fluid equations to obtain profiles of
field, electron velocity, temperature, and ionization rate in the wave 
sheath for a relatively fast wave (V = 3 x 10' m/sec) in helium. The
wave thickness is scaled with the distance over which an electron acquires 
ionizing potential energy in the field.
Fig. 8 Trajectory ionization theory (T) applied to calculation of electron
temperatures and drift velocities in swarms, contrasted with use of a 
simple Maxwellian calculation (M) based conventionally on linear constant 
speed paths between collisions. Hollow stars are from Schlumbohm (16); 
solid five-point stars are from Kontoleon et al.; and other stars are from 
Twonsend and Bailey (17). Diamonds are from Blevins and Hasan (18).
Fig. 9 Townsend's a/p derived by the trajectory method (T), contrasted with the
conventional approach (M). Solid dots are taken from von Engel (19); 
stars in dots are from Kontoleon et al.; hollow stars are from Raether 
(20); small asterisks are from Harrison (21); and large asterisks are by 
Bowls (22).
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Fig. 2. Film## mpae# g#oa#tty of the integration and «ariablc changea.
Fig. 1. Geoaetry of colliaion proceat. 
the free trajectory.
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1.2»
.002 .
Fig. 4 lonltatlon {laqumcF t  ai > faaetlon of waled elaetron
temperature 6 kt/U  with acaled fie ld  n •  aarked on each j,
curve. Entire figure la  for electron d rif t velocity i> •  •  f2a
Fig. 3. Topology of the domain of integration of the final Integral. A roughly
Ceuaalan wrinkle of exponentially declining amplitude tuna from teh origin 
to in fin ity  between the llnea Z and U. Vertical traverae* find the maxima 
on curve U, horizontal on curve Z. The geometrical algnlflcance of the 
conatanta A, B and C In defining the range of Integration la depicted.
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Fig. 5 Same as Fig. 4 except that p •  0 .
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Fig. 8 TtaJaetotjr loDlxation thaotj (T) appUad to ealeulation of alaetron 
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IMonaend and Hailey (17). Dl amenda are from Blevina and Hnnan (18).
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Fig. 7 Reault of integrating the electron fluid equationa to obtain profila# of 
fie ld , electron velocity, temperature, and ionltation rate in the wave 
aheath for a relatively feet wave (K -  3 x 10' e/eec) in helium. The 
wave thiehneaa ia acaled with the diatance over which an electron acquiree 
ionizing potential energy in the fie ld .
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Pig. 9 Townsend's o/p derived by the trajectory method (T), contrasted with the 
conventional approach (M). Solid dots are taken from von Engel (19); 
stars in dots are from Kontoleon et al.; hollow stars are from Raether
(20); small asterisks are from Harrison (21); and large asterisks are bv 
Bowls (22), ’
